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The implications of conformal invariance, as relevant in quantum field theories at a
renormalisation group fixed point, are analysed with particular reference to results
for correlation functions involving conserved currents and the energy momentum
tensor. Ward identities resulting from conformal invariance are discussed. Explicit
expressions for two and three point functions, which are essentially determined by
conformal invariance, are obtained. As special cases we consider the three point
functions for two vector and an axial current in four dimensions, which realises the
usual anomaly simply and unambiguously, and also for the energy momentum tensor
in general dimension d. The latter is shown to have two linearly independent forms
in which the Ward identities are realised trivially, except if d = 4, when the two
forms become degenerate. This is necessary in order to accommodate the two inde-
pendent forms present in the trace of the energy momentum tensor on curved space
backgrounds for conformal field theories in four dimensions. The coefficients of the
two trace anomaly terms are related to the three parameters describing the general
energy momentum tensor three point function. The connections with gravitational
effective actions depending on a background metric are described. A particular form
due to Riegert is shown to be unacceptable. Conformally invariant expressions for
the effective action in four dimensions are obtained using the Green function for a
differential operator which has simple properties under local rescalings of the metric.
* email: je10001@damtp.cam.ac.uk and ho@damtp.cam.ac.uk
1 Introduction
Conformally invariant field theories are well known and have been much studied in
two dimensions [1]. Recently the demonstration of existence of fixed points in a large class
of N = 1 and N = 2 supersymmetric theories at which conformal invariance holds [2,3],
as well as the long standing cases of finite N = 4 and N = 2 theories [4,5] in which the β-
function vanishes identically, has revitalised the interest in studying non trivial conformal
theories in four dimensions [6,7]. Such infra-red fixed points arise in asymptotically free
supersymmetric theories with a single gauge coupling g but the presence of additional
fields besides the gauge vector supermultiplet generates the zero of the β(g) which is
necessary for a fixed point. The essential mechanism is basically identical to that which
gives a β-function zero at two loops in ordinary gauge field theories with suitably adjusted
numbers of fermions [8,9] (the use of perturbative results may be justified for large Nc
for gauge group SU(Nc) with the numbers of fermions in the fundamental representation
Nf = O(Nc)).
Since conformal invariance provides very non trivial constraints it is possible to hope
[10] that exact results for four dimensional theories may also be obtained. In any event
using conformal invariance allows for significantly simplified calculations of the scale dimen-
sions of operators at the fixed point than would be allowed in conventional perturbative
approaches based on expansions about free theories [11,12]. One of the crucial conse-
quences of conformal invariance even in dimensions d > 2 is that the functional forms of
two and three point functions of operators are essentially determined with no arbitrary
functions present. For operators with spin there may however be two or more linearly
independent forms compatible with conformal invariance which are possible for the three
point functions [13].
In this paper we extend recent investigations by one of us [13] to discuss in detail the
form of the three point functions involving conserved vector currents Vµ and the energy
momentum tensor Tµν in general d Euclidean dimensions. This is motivated by analogy
with two dimensional conformal field theories where the parameters which occur in the two
and three point functions of these operators, such as the Virasoro central charge c, play a
vital role in specifying the theory. If any result like the Zamolodchikov C-theorem [14] is
to hold in four space time dimensions [9,15,16,17,18] then it must involve quantities which
are well defined in the conformal limit [19]. One suggestion for a possible generalisation
involves the coefficient of the term in the trace of the energy momentum tensor on a
curved space background involving the topological Euler density [15] (in two dimensions
this is proportional to c). As shown later, in four dimensions this parameter is connected
directly with one of three linearly independent forms for the conformal invariant three
point function of the energy momentum tensor.
The conserved current and energy momentum tensor of course satisfy the equations
∂µVµ = 0 , ∂µTµν = 0 , Tµν = Tνµ , Tµµ = 0 , (1.1)
where conformal invariance dictates that Vµ and Tµν must have scale dimension d − 1
and d respectively. In our discussion it is important to recognise that the operators Vµ
1
and Tµν are not uniquely defined. It is possible to add to Vµ or Tµν terms which lead to
the same conserved charge or generators of the conformal group. For the current Vµ the
arbitrariness has the form
Vµ ∼ Vµ + ∂νFµν , Fµν = −Fνµ or Fµν = F[µν] , (1.2)
while for the energy momentum tensor correspondingly
Tµν ∼ Tµν + ∂σ∂ρCµσρν , (1.3)
where Cµσρν has the symmetries of the Weyl tensor
Cµσρν = C[µσ][ρν] , Cµ[σρν] = 0 , Cµσρµ = 0 , (1.4)
with Fµν and Cµσρν each of dimension d − 2. The additional terms in (1.2) and (1.3)
automatically satisfy (1.1). It is also crucial that both operators are quasi-primary opera-
tors which means that they transform homogeneously as tensor operators under conformal
transformations. In particular theories operators with the assumed properties of Fµν and
Cµσρν need not exist (for d = 2 or 3 Cµσρν is necessarily zero). Nevertheless the freedom
exhibited in (1.2) or (1.3) with (1.4) is ultimately behind the existence of more than one
linearly independent form for the three point functions involving Vµ or Tµν . In some cases,
where there are no non trivial Ward identities, the three point functions can be written
just as if the current or energy momentum tensor was given by the terms involving F or
C in (1.2) or (1.3). When this is feasible this ensures that the resulting expression is less
singular since, in the spirit of differential regularisation [20], derivatives have been pulled
out.
In discussing two or three point functions of conserved currents it is essential to
pay careful attention to anomalies in the various Ward identities. Such anomalies are
most succinctly expressed in the presence of background fields. Thus for the fermion axial
current with a gauge field Aµ coupled to the vector current the well known anomaly in four
dimensions, if gauge invariance with respect to gauge transformations on Aµ is preserved,
has the form
∂µ〈ψ¯γµγ5ψ〉A = 1
16π2
ǫµνσρFµνFσρ , Fµν = ∂µAν − ∂νAµ . (1.5)
For the energy momentum tensor it is natural to consider the theory extended to a general
curved space with metric gµν so that the vacuum energy functional, or effective action,
is a functional W (g, A) and we may define the energy momentum tensor and conserved
current in this background by
√
g〈Tµν〉g,A = −2δW/δgµν and √g〈V µ〉g,A = −δW/δAµ. In
this case the gauge symmetry (when δAµ = ∂µλ) and invariance under diffeomorphisms
(when δgµν = Lvgµν = −∇µvν −∇νvµ and δAµ = LvAµ = vν∂νAµ + ∂µvνAν for Lv the
Lie derivative), which are assumed to be preserved in the quantum theory, lead to
∇µ〈V µ〉g,A = 0 , ∇µ〈Tµν〉g,A + Fνµ〈V µ〉g,A = 0 . (1.6)
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For a theory which is conformal on flat space there is now an anomaly in the energy
momentum tensor trace [21] * which may be assumed to be of the form in four dimensions
gµν〈Tµν〉g,A = −κ 14FµνFµν − βaF − βbG , (1.7)
where
F = CαβγδCαβγδ , G =
1
4
ǫµνσρǫαβγβR
αβ
µνR
γδ
σρ , (1.8)
with Cαβγδ the Weyl tensor which is given in terms of the Riemann tensor in (A.3). G
is the topological Euler density in four dimensions. The curved space anomaly implies an
anomaly of the three point function when restricted to flat space [13,22],
〈Tµµ(x)Tσρ(y)Tαβ(z)〉 = 2
(
δ4(x− y) + δ4(x− z)) 〈Tσρ(y)Tαβ(z)〉
− 32βa ECσǫηρ,αγδβ ∂ǫ∂ηδ4(x− y)∂γ∂δδ4(x− z)
+ 4βb
{
ǫσαǫκǫρβηλ∂κ∂λ
(
∂ǫδ
4(x− y)∂ηδ4(x− z)
)
+ σ ↔ ρ},
(1.9)
where EC denotes the projection operator onto tensors with the symmetries (1.4) and is
given explicitly in (A.1) for general d, it may be defined by ECµσρν,αγδβ = ∂Cµσρν/∂Cαγδβ.
As a precursor to describing various applications of conformal invariance we review
in the next section the general form of conformal transformations when d > 2 and define
quasi-primary fields by their conformal transformation properties. The statements made
above concerning (1.2) and (1.3) are justified and the ingredients necessary for a general
construction of two and three point functions introduced. The consequences of conformal
invariance for Ward identities involving the energy momentum tensor are also briefly de-
scribed. The general results are first applied in section 3 to the three point function of two
vector currents and an axial current. Using conformal invariance we obtain an expression
in which vector current conservation is automatic and the divergence of the axial current
give rise unambiguously to the standard expression for the axial anomaly. Of course this
result is a necessary consistency test but our approach may be regarded as allowing a sim-
ple derivation of the anomaly which is in the framework of differential regularisation. In
section 4 we apply the same techniques to the three point function of two vector currents
and the energy momentum tensor. For this example we can effectively write Vµ = ∂νFµν
which allows less singular expressions to be obtained since the dimension of Fµν is d − 2
rather than d − 1 for Vµ. In four dimensions the results are compatible with the trace
anomaly for external background gauge fields. In section 5 we recover the previous re-
sult [13] that there are only three linearly independent forms for the three point function
〈Tµν(x)Tσρ(y)Tαβ(z)〉. The expressions obtained are simplified by using expressions in
which the symmetry is manifest so that it is only necessary to impose the conservation
equation. In section 6 it is shown how to obtain less singular expressions making use of
(1.3) although this only allows for two linearly independent expressions. The results triv-
ially satisfy the Ward identities for the divergence and trace of Tµν . In the latter case when
d = 4 there is an anomaly of the expected form corresponding to the trace of the energy
* This review contains a comprehensive list of references on the trace anomaly.
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momentum tensor on a curved space background. For the anomaly associated with the
Euler density G the mechanism is in accord with the suggestions of Deser and Schwimmer
[23] since it involves tensors which vanish identically when d = 4 but which are combined
with a pole in ε = 4 − d. We derive an expression for the coefficient of the anomaly in
terms of the parameters of the general three point function which is compatible with re-
sults obtained by explicit calculation for free fields. In section 7 we also discuss the form
of the gravitational effective action which may be expressed as a non local function of the
curvature and which is directly connected with the energy momentum tensor correlation
functions on flat space. We show that a particular elegant expression due to Riegert [24],
which generates the G term in the trace anomaly in (1.7), is incompatible with conformal
invariance for the corresponding expression for the energy momentum tensor three point
function on flat space since 〈Tµν(x)〉g does not fall off sufficiently rapidly in this case for
large |x| for asymptotically flat spaces. Other forms for parts of the effective action W in
four dimensions which are compatible with conformal invariance are also considered. To
achieve this we introduce a second order differential operator ∆F which acts on 2-forms,
or antisymmetric tensors, which has nice properties under local rescalings of the metric,
similar to the operator −∇2 + 1
6
R acting on scalars. Effective actions constructed us-
ing the Green function for ∆F are then in accord with our conformal invariance results
when reduced to flat space. In a conclusion we show in general how in the three point
function of a conserved vector current or the energy momentum tensor with operators of
different dimension the we can always write it in a form so that effectively Vµ = ∂νFµν or
Tµν = ∂σ∂ρCµσρν . Some lengthy mathematical formulae are for convenience relegated to
three appendices.
The results of this paper are a development of earlier work by one of us [13] but we
endeavour to simplify the presentation and make more systematic use of (1.2,3) and also
consider the implications for the effective action on curved space.
2 Conformal Invariance
The group of conformal transformations acting on Rd is defined by coordinate trans-
formations such that
xµ → x′µ(x) , dx′µdx′µ = Ω(x)−2dxµdxµ . (2.1)
For an infinitesimal transformation we may write
x′µ(x) = xµ + vµ(x), Ω(x) = 1− σv(x) ,
∂µvν + ∂νvµ = 2σvδµν , σv =
1
d
∂·v .
(2.2)
Except for d = 2 the general solution of (2.2) has the form
vµ(x) = aµ + ωµνxν + λxµ + bµx
2 − 2xµb·x , ωµν = −ωνµ , σv(x) = λ− 2b·x , (2.3)
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representing infinitesimal translations, rotations, scale transformations and special con-
formal transformations. For any such conformal transformation we may define a local
orthogonal transformation by
Rµα(x) = Ω(x)∂x
′
µ
∂xα
, Rµα(x)Rνα(x) = δµν , (2.4)
which in d dimensions is a matrix belonging toO(d). Apart from conformal transformations
which are connected to the identity there are also inversions. For an inversion through the
origin this has the form
x′µ =
xµ
x2
, Ω(x) = x2 , Rµν(x) = Iµν(x) = δµν − 2 xµxν
x2
. (2.5)
Any conformal transformation can be generated by combining inversions with rotations
and translations. In d dimensions the conformal group is isomorphic with O(d+ 1, 1).
The construction of conformally invariant forms for correlation functions of quasi-
primary fields depend on recognising that for arbitrary conformal transformations the
inversion matrix I, as defined in (2.5), plays the role of a parallel transport since for two
points x, y we have
Iµν(x
′ − y′) = Rµα(x)Rνβ(y)Iαβ(x− y) , (x′ − y′)2 = (x− y)
2
Ω(x)Ω(y)
. (2.6)
Furthermore for three points x, y, z we may define vectors at each point which transform
homogeneously under conformal transformation. At z the associated vector is given by
Zµ =
1
2∂
z
µ ln
(z − y)2
(z − x)2 =
(x− z)µ
(x− z)2 −
(y − z)µ
(y − z)2 , Z
2 =
(x− y)2
(x− z)2(y − z)2 , (2.7)
so that
Z ′µ = Ω(z)Rµα(z)Zα . (2.8)
Xµ and Yµ, which are vectors at x and y, are defined by cyclic permutation. Conformal
invariance requires various identities, important ones for subsequent use are
Iµα(x−z)Zα = −(x− y)
2
(z − y)2 Xµ , Iµα(x−z)Iαν(z−y) = Iµν(x−y)+2(x−y)
2XµYν , (2.9)
together with obvious permutations (note that for x↔ y Z → −Z while X ↔ −Y ).
A quasi-primary field Oi(x), where i denotes components in some space on which a
representation of O(d) acts, is defined by the transformation properties [25]
Oi(x)→ O′i(x′) = Ω(x)ηDij(R(x))Oj(x) , (2.10)
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where η is the scale dimension and Dij(R) denotes the representation for Rµν ∈ O(d). This
result reduces to the standard transformation rules for translations and rotations. For an
infinitesimal transformation as in (2.2)
δvOi(x) = −(LvO)i(x) , Lv = v·∂ + ησv − 12∂[µvν] sµν , (2.11)
where (sµν)
i
j = −(sνµ)ij are the generators of O(d) for the representation which acts on
O. It is easy to verify that Lv obey the required Lie algebra [Lv, Lv′] = L[v,v′] for the
conformal group.
It is clear from the definition in (2.10) that the derivative of a quasi-primary field, ∂µO,
is in general no longer quasi-primary, since there are additional inhomogeneous terms in-
volving O in the transformation. In special cases these terms may cancel. For a vector field
Vµ of dimension η the application of (2.10) for an infinitesimal conformal transformation
gives
δvVµ = −LvVµ = −
(
v·∂ + ησv
)
Vµ − ∂[µvν] Vν , (2.12)
since for this representation (sµν)αβ = −δµαδνβ+δµβδνα. It is then easy to see using (2.3),
so that ∂[µvν] = −ωµν + 2(xµbν − xνbµ),
∂µδvVµ = −
(
v·∂ + (η + 1))∂µVµ + 2(η − d+ 1)bµVµ . (2.13)
Hence if ∂µVµ is to be a conformal scalar, so that δv(∂µVµ) = −Lv∂µVµ with Lv appropriate
for a spinless field of dimension η+1, we must require η = d− 1. For a second rank tensor
field Fµν then similarly to (2.13) we may find
∂νδvFµν = −Lv(∂νFµν) + 2(η − d+ 1)bνFµν − 2bνFνµ + 2bµFνν . (2.14)
for Lv here acting on a vector field of dimension η+1. The inhomogeneous terms in (2.14)
disappear if Fµν = F[µν], η = d− 2, which justifies (1.2), or if Fµν → Tµν = Tνµ, Tµµ = 0
and η = d. If Cµσρν satisfies the conditions in (1.4) then similarly
∂ρδvCµσρν = − Lv(∂ρCµσρν) + 2(η − d+ 1)bρCµσρν ,
∂σ∂ρδvCµσρν = − Lv(∂σ∂ρCµσρν) + 2(η − d+ 2)(bρ∂σCµσρν + bσ∂ρCµσρν) .
(2.15)
Hence this verifies that ∂σ∂ρCµσρν is a traceless tensor field if Cµσρν has dimension d− 2
as well as obeying the Weyl tensor symmetries in (1.4).
Using the results in (2.6) it is straightforward to construct conformally covariant
expressions for the two point functions of quasi-primary operators. For the field O trans-
forming as in (2.10) and its associated conjugate field O¯, which is assumed to transform
as O¯i(x) → Ω(x)ηO¯j(x)D−1 ji(R(x)), then, if the representation of O(d) to which O, O¯
belong is irreducible, we may write in general
〈Oi(x) O¯j(y)〉 = CO
(s2)η
Dij(I(s)) , s = x− y , (2.16)
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for CO an overall constant scale factor. Conformal invariance requires that the two point
function is zero unless both fields have the same scale dimension. Applying this result to
the conserved vector current Vµ we have
〈Vµ(x)Vν(y)〉 = CV
s2(d−1)
Iµν(s) , (2.17)
while for the energy momentum tensor Tµν
〈Tµν(x)Tσρ(y)〉 = CT
s2d
ITµν,σρ(s) , ITµν,σρ(s) = Iµα(s)Iνβ(s)ETαβ,σρ , (2.18)
where
ETµν,σρ = 12
(
δµσδνρ + δµρδνσ
)− 1
d
δµνδσρ (2.19)
is the projection operator onto the space of symmetric traceless tensors so that IT repre-
sents the corresponding inversion tensor. Since ∂µVµ is a scalar and ∂µTµν is a vector, if
Vµ, Tµν have dimensions d− 1, d, this ensures that (2.17) and (2.18) automatically satisfy
the required conservation equations as the two point function of ∂µVµ and Vν or ∂µTµν
and Tσρ must vanish for general reasons of conformal invariance.
The general formula for a conformally covariant three point function for quasi-primary
fields is also relatively simple when expressed in terms of the vector Z*
〈Oi1(x)Oj2(y)Ok3(z)〉
=
1
(x− z)2η1 (y − z)2η2 D
i
1 i′(I(x− z))D j2 j′(I(y − z)) ti
′j′k
12,3 (Z) .
(2.20)
Since the parallel transport relation (2.6) extends to arbitrary representations it is sufficient
to require that tijk12,3(Z) is a homogeneous function satisfying
tijk12,3(λZ) = λ
η3−η1−η2 tijk12,3(Z) ,
D i1 i′(R)D
j
2 j′(R)D
k
3 k′(R) t
i′j′k′
12,3 (Z) = t
ijk
12,3(RZ) for all R ∈ O(d) .
(2.21)
Using this with (2.9) and Iσα(y − z)Iαµ(z − x) = Iσα(y − x)Iαµ(X) the equivalent result
〈Oi1(x)Oj2(y)Ok3(z)〉
=
1
(x− y)2η2 (x− z)2η3 D
j
2 j′(I(y − x))D k3 k′(I(z − x)) tj
′k′i
23,1 (X) ,
(2.22)
is obtained where
tjk i23,1(X) = (X
2)η1−η3D j2 j′(I(X)) t
ij′k
12,3(−X) . (2.23)
* This is entirely equivalent to the result given in [13] in (2.13) for a convenient choice of
the arbitrary parameter q there.
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The form of the three point function is determined then by solving (2.21). For all fields
identical then symmetry of 〈Oi(x)Oj(y)Ok(z)〉, for bosonic fields, requires
tijk(Z) = tjik(−Z) = Dii′(I(Z)) tki
′j(−Z) , (2.24)
A particular solution of this condition may be found if the representation to which O
belongs allows for a completely symmetric invariant tensor dijk. Using the invariance
condition Dii′(R)D
j
j′(R)D
k
k′(R)d
i′j′k′ = dijk for R → I(Z) then since I2 = 1 (2.24) is
satisfied if we take in the expression (2.20) for this case
tijk(Z) = Dkk′(I(Z))d
ijk′ 1
(Z2)
1
2
η
. (2.25)
The function tijk12,3(Z) has a direct significance since it represents directly the leading
term in the operator product expansion. From (2.22,23) and (2.16) it is easy to see that the
leading contribution of the operator O¯3 to the operator product of O1(x)O2(y) as x → y
is given by
Oi1(x)Oj2(y) ∼
1
CO3
tijk12,3(x− y) O¯3 k(y) . (2.26)
A generalisation [13] of an argument due to Cardy [26] shows how the complete three point
function, as given by (2.20), may be recovered just from the leading singular term in the
operator product expansion by a simple application of suitable conformal transformations.
In this paper the main subject of interest is the energy momentum tensor Tµν sat-
isfying (1.1). This satisfies Ward identities reflecting its role as a generator of conformal
transformations [13,27]. The crucial Ward identity for a correlation function for quasi-
primary fields at y1, y2, . . . may be expressed in the form∫
S
dSµ vν(x)〈Tµν(x)Oi(y1) . . .〉 = 〈δvOi(y1) . . .〉 , (2.27)
where S is a surface enclosing the point y1 (if S encloses other points yr then the r.h.s
is a sum of terms involving the conformal variation of the field at each yr in turn). For
v satisfying (2.2) the l.h.s. is invariant under smooth changes in S so long as it does not
cross any of the points yr. If S is restricted to a sphere surrounding the point y1 with
radius tending to zero we may use the operator product expansion in the form [26]
Tµν(x)O(y) ∼ Aµν(r)O(y) +Bµνλ(r)∂λO(y) , r = x− y , (2.28)
and then (2.27) in conjunction with (2.11) for δvO, since now dSµ = |r|d−1rˆµdΩrˆ for
rˆµ = rµ/|r|, |r| =
√
r2, requires the conditions
∫
dΩrˆ rˆµAµν(rˆ) = 0 ,
∫
dΩrˆ rˆµBµνλ(rˆ) = −δνλ ,∫
dΩrˆ rˆµrˆωAµν(rˆ) = − η
d
δων +
1
2sων − Cˆων , Cˆων = Cˆνω , Cˆνν = 0 .
(2.29)
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sων is the usual generator of O(d) in the representation defined by O while Cˆων is an O(d)
invariant (satisfying [sµν , Cˆωλ] + (sµν)ωλ,ω′λ′Cˆω′λ′ = 0) and is otherwise undetermined by
the Ward identity.
As mentioned above, the operator product coefficients are related to the appropri-
ate three point function. We may therefore find the three point function of the energy
momentum tensor, a general operator O and its conjugate O¯ by applying (2.20),
〈Tµν(x)Oi(y) O¯j(z)〉
= CO
1
(x− z)2d (y − z)2η I
T
µν,σρ(x− z)Dii′(I(y − z))Aσρi
′
j(Z) .
(2.30)
since the leading term in the operator product expansion (2.28), according to (2.26), de-
termines the appropriate form for the relevant function tijk12,3(Z). In accord with (2.21)
Aµν(Z) = O(Z
−d) and also satisfies the appropriate corresponding rotational covariance
condition. The conservation equation (1.1) also leads directly to ∂µAµν(Z) = 0 for Z 6= 0.
As a consequence of the three point function being fully determined by the leading oper-
ator product expansion coefficient Aµν it is possible by careful expansion to evaluate the
next leading term Bµνλ in (2.28) in terms of Aµν . Using this result, given in [13], it is easy
to verify that the condition on Bµνλ in (2.29) holds so long as the relations for Aµν are
satisfied. If Aµν(x) is regarded as a distribution on R
d the Ward identity results (2.29)
may be rewritten equivalently in the form
∂µAµν(x) =
(η
d
δνλ + Cνλ +
1
2sνλ
)
∂λδ
d(x) ,
Aµµ(x) = Cµµδ
d(x) , ∂µBµνλ(x) = −δνλδd(x) ,
(2.31)
where Cµν
i
j = Cνµ
i
j is a general O(d) invariant. This term in the result for ∂µAµν
and Aµµ reflects the arbitrariness due to regularisation dependent ambiguities in Aµν(x)
proportional to δd(x) when it is extended to a well defined distribution*. The ambiguity
represented by Cµν arises essentially from the freedom of definition of the three point
function (2.30) up to changes of the form
〈Tµν(x)O(y) O¯(z)〉 → 〈Tµν(x)O(y) O¯(z)〉
+ δd(x− y)Cµν〈O(y) O¯(z)〉+ δd(x− z)〈O(y) O¯(z)〉Cµν .
(2.32)
Corresponding to (2.31) we may then find a general expression for the Ward identities for
the three point function in (2.30)
∂xµ〈Tµν(x)O(y) O¯(z)〉 = ∂νδd(x− y) 〈O(x) O¯(z)〉+ ∂νδd(x− z) 〈O(y) O¯(x)〉
+ ∂xλ
{
δd(x− y)
(η − d
d
δνλ + Cνλ +
1
2
sνλ
)
〈O(x) O¯(z)〉
+ δd(x− z)〈O(y) O¯(x)〉
(η − d
d
δνλ + Cνλ − 12sνλ
)}
,
〈Tµµ(x)O(y) O¯(z)〉 = δd(x− y)Cµµ〈O(y) O¯(z)〉+ δd(x− z)〈O(y) O¯(z)〉Cµµ .
(2.33)
* If we define ∂µAµν(x) ≡ limω→0 ∂µ(x
2ωAµν(x)) then in (2.31) Cµν = Cˆµν
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For suitable choices of Cµν these identities are identical with standard Ward identities
whose derivations may depend on particular regularisation schemes.
As an illustration we discuss the Ward identities for the three point function of the
energy momentum tensor itself which may be derived by functional differentiating (1.6)
and then restricting to flat space,
∂xµ〈Tµν(x)Tσρ(y)Tαβ(z)〉 = ∂νδd(x− y) 〈Tσρ(x)Tαβ(z)〉
+ ∂σ
(
δd(x− y)〈Tνρ(x)Tαβ(z)〉
)
+ ∂ρ
(
δd(x− y)〈Tσν(x)Tαβ(z)〉
)
+ y, σ, ρ↔ z, α, β . (2.34)
This form for the Ward identity is in exact agreement with (2.33) if we take (Cνλ)σρ,σ′ρ′ =
ETσρ,νǫETλǫ,σ′ρ′ + ν ↔ λ. Since (Cµµ)σρ,σ′ρ′ = 2ETσρ,σ′ρ′ the corresponding trace identity
becomes
〈Tµµ(x)Tσρ(y)Tαβ(z)〉 = 2
(
δd(x− y) + δd(x− z)) 〈Tσρ(y)Tαβ(z)〉 , (2.35)
which is identical with (1.9) for d = 4 if the anomaly terms proportional to βa,b are
dropped.
The presence of the trace anomaly leads to extra terms in the equations such
as (2.27) expressing conformal invariance when d = 4. For instance if we integrate
∂xµ
(
vν(x)〈Tµν(x)Tσρ(y)Tαβ(z)〉
)
over all x, dropping the surface term for |x| → ∞, then,
if vµ(x) is assumed to satisfy the conditions for an infinitesimal conformal transformation
as in (2.2), using (2.34) for d = 4 and (1.9) gives
〈LvTσρ(y)Tαβ(z)〉+ 〈Tσρ(y)LvTαβ(z)〉 = −32βa ECσǫηρ,αγδβ ∂ǫ∂ησv(y)∂γ∂δδ4(y − z) ,
(2.36)
where Lv is defined as in (2.11) with the scale dimension η = d. There is no term involving
βb in this case since ∂∂σv = 0. This result shows that βa must be related to the coefficient
CT of the energy momentum tensor two point function as exhibited in (2.18). To obtain
the exact relationship requires a careful treatment of the short distance singularities. From
(2.19) we may write
〈Tσρ(y)Tαβ(z)〉 = CT I
T
σρ,αβ(y − z)
(y − z)2d
=
CT
(d− 3)(d− 2)d(d+ 1)E
C
σǫηρ,αγδβ ∂
y
ǫ∂
y
η∂
z
γ∂
z
δ
1
(y − z)2(d−2) ,
(2.37)
where the second form ensures that the conservation equations are trivially satisfied al-
though it is no longer manifestly conformally covariant. When d = 4 the singularity as
y → z is not integrable so some regularisation, denoted by R, is necessary
〈Tσρ(y)Tαβ(z)〉 = CT
40
ECσǫηρ,αγδβ ∂yǫ∂yη∂zγ∂zδR 1
(y − z)4 . (2.38)
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A convenient definition in this case is to take
R 1
x4
=
( µ2ω
x2(2−ω)
− π
2
ω
δ4(x)
)∣∣∣
ω→0
= −∂2 1
4x2
(
lnµ2x2 + 1
)
, (2.39)
with µ an arbitrary regularisation scale and where 1/x2(2−ω) is defined as an analytic
function of ω, the limit ω → 0 may be taken as a distribution after subtracting the
pole. In the second expression for R(1/x4) in (2.39) the limit is found explicitly following
the method of differential regularisation [20]. Using the representation (2.37) or (2.38) the
conformal variation of the energy momentum tensor two point function may be determined
with the aid of the essential result obtained in (2.15), Lv(∂ǫ∂ηCσǫηρ) = ∂ǫ∂η(LvCσǫηρ) if
Cσǫηρ has dimension d − 2 and obeys the symmetry conditions of (1.4). The conformal
variation given by Lv applied to (2.38) then reduces to a term involving
(
v(y)·∂y + v(z)·∂z + 2σv(y) + 2σv(z)
)R 1
(y − z)4 = 2π
2σv(y)δ
4(y − z) , (2.40)
and in addition terms representing the associated conformal variation of ECσǫηρ,αγδβ which
is given by the action of the rotation generator corresponding to ∂[µvν](y) for the indices
σǫηρ and to ∂[µvν](z) acting on the indices αγδβ. Using that EC is an invariant tensor we
then obtain
〈LvTσρ(y)Tαβ(z)〉+ 〈Tσρ(y)LvTαβ(z)〉 = CTπ
2
20
ECσǫηρ,αγδβ ∂yǫ∂yη∂zγ∂zδ
(
σv(y)δ
4(y − z))
+
3CT
40
bλ ∂
y
ǫ∂
y
η∂
z
γ∂
z
δ∂
y
[λ
(ECσǫ]ηρ,αγδβ + ECρη]ǫσ,αγδβ) 1
(y − z)2 . (2.41)
The symmetries of EC ensure that the second line, depending on bλ, vanishes and compar-
ing with (2.36) gives finally
βa = − π
2
640
CT . (2.42)
In a similar fashion the vector current two point function in (2.17) may be written for
d = 4 in the form
〈Vµ(x)Vν(y)〉 = −CV
6
EFµσ,νρ ∂xσ∂yρR 1
(x− y)4 , E
F
µσ,νρ =
1
2
(
δµνδσρ − δµρδσν
)
. (2.43)
Following a similar analysis to the above we may find
〈LvVµ(x)Vν(y)〉+ 〈Vµ(x)LvVν(y)〉 = − CV π
2
3
EFµσ,νρ∂xσ∂yρ
(
σv(x)δ
4(x− y))
− CV
2
bλ∂
x
σ∂
y
ρ∂
x
[λEFµσ],νρ
1
(x− y)2 .
(2.44)
The second term vanishes identically as previously and the result may be compared with
the consequences of the trace anomaly in (1.7) to give
κ =
π2
6
CV . (2.45)
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In consequence of (2.42,45) the trace anomaly coefficients κ and βa determine the scale
of the vector current and energy momentum tensor two point functions in the conformal
limit.
3 Axial Anomaly
As a first application of these results* we consider the archetypal situation in which
an anomaly is present, the three point function of two vector currents V and an axial
current A. In this section we set d = 4 throughout since the ε tensor plays an essential
role. The conserved vector and axial currents then have dimension 3. We impose manifest
conservation of the vector currents by requiring that the three point function is written in
the form
〈Vµ(x)Vν(y)Aω(z)〉 = ∂xσ∂yρΓFFAµσ,νρ,ω(x, y, z) , ΓFFAµσ,νρ,ω = ΓFFA[µσ],νρ,ω = ΓFFAµσ,[νρ],ω , (3.1)
with the symmetry condition ΓFFAµσ,νρ,ω(x, y, z) = Γ
FFA
νρ,µσ,ω(y, x, z). From the conservation
equation for the axial current we must also require that ∂zωΓ
FFA
µσ,νρ,ω(x, y, z) = 0 for non
coincident points x, y, z. Assuming conformal invariance, with ΓFFAµσ,νρ,ω(x, y, z) the three
point function for an antisymmetric tensor field of dimension 2 at x, y, and also the required
parity properties leads to an essentially unique solution,
ΓFFAµσ,νρ,ω(x, y, z) = C
IFµσ,µ′σ′(x− y)(
(x− y)2)2 εµ′σ′νρ Z
2Zω , (3.2)
for IF representing inversions on antisymmetric tensors and defined by
IFµσ,νρ = Iµµ′Iσσ′EFµ′σ′,νρ , (3.3)
with EF defined in (2.43). The symmetry condition for x ↔ y, when Z → −Z, follows
from det I = −1 which implies IFµσ,µ′σ′εµ′σ′νρ = −IFνρ,ν′ρ′εµσν′ρ′ . By calculating the
derivatives we may find an expression equivalent to that in refs.[29,30]
〈Vµ(x)Vν(y)Aω(z)〉 = 4C Iµµ
′(x− z)Iνν′(y − z)(
(x− z)2(y − z)2)3 εµ′ν′λω
Zλ
(Z2)2
, (3.4)
which is of the standard form given by (2.20).
The expression given by (3.4) is non integrable as a function on R8, with coordinates
x − z, y − z, due to the singular behaviour as x − z ∼ y − z → 0. The Fourier transform
is therefore ill defined without regularisation (this corresponds to the linear divergence of
the usual triangle graph). However ΓFFAµσ,νρ,ω(x, y, z) as given in (3.2) has no non integrable
short distance singularities and represents a well defined distribution on R8 (the apparent
sub-divergence for x − y → 0 in (3.2) is absent since Z ∝ x − y in this limit). Thus the
* A discussion of the axial anomaly in configuration space is also contained in ref. [28].
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divergence of the axial current in (3.1) may be unambiguously calculated. To achieve this
we first use from (2.7)
∂zω(Z
2Zω) = 2π
2
(
δ4(y − z)− δ4(x− z)) . (3.5)
The remaining derivatives can be evaluated with the aid of
∂σ
IFµσ,νρ(x)
x2λ
=
2− λ
2λ
(
δσρδµν − δσνδρµ
)
∂σ
1
x2λ
→ 1
2
π2EFµσ,νρ∂σδ4(x) as λ→ 2 , (3.6)
which depends on the limit, as in (2.39),
1
(x2)2−ω
∼ π
2
ω
δ4(x) for ω → 0 . (3.7)
Using the result (3.6) for the ∂xσ or ∂
y
ρ derivatives in association with the first or second
terms on the r.h.s. of (3.5) we thereby obtain
∂zω〈Vµ(x)Vν(y)Aω(z)〉 = 2π4C ∂xσ∂yρ
(
εµσνρδ
4(x− z)δ4(y − z)) , (3.8)
which is the standard expression for the anomalous divergence in this case.
For free fermions it is easy to determine the overall coefficient using
Vµ = ψ¯γµψ , Aµ = ψ¯γµγ5ψ , 〈ψ(x)ψ¯(0)〉 = γ·x
2π2(x2)2
, (3.9)
with also tr(γαγβγγγδγ5) = 4εαβγδ. The result for the usual triangle graphs coincides with
(3.4) if
C =
1
4π6
, (3.10)
although the calculation may be simplified by restricting x, y, z to be collinear such as
along the 1-direction. The formula (3.8) for the anomaly coefficient then corresponds with
that expected from (1.5).
Of course far more sophisticated methods for determining the anomaly in ∂ω〈Aω〉,
on general backgrounds, are known but the above derivation perhaps makes natural the
essential independence of the result of any regularisation procedure once vector current
conservation has been imposed.
4 Conserved Currents and Energy Momentum Tensor
An example which is less involved than dealing with the energy momentum alone
concerns the three point function of two vector currents and the energy momentum ten-
sor. Previously it was shown [13] that there are two possible linearly independent forms
assuming conformal invariance. Since conservation of the vector currents does not lead to
any non trivial Ward identities we here restrict attention to the form
〈Vµ(x)Vν(y)Tαβ(z)〉 = ∂xσ∂yρΓFFTµσ,νρ,αβ(x, y, z) , (4.1)
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with ΓFFTµσ,νρ,αβ antisymmetric on µσ and νρ but symmetric and traceless on αβ. Applying
conformal invariance we may assume in accord with (2.16)
ΓFFTµσ,νρ,αβ(x, y, z) =
IFµσ,µ′σ′(x− z)IFνρ,ν′ρ′(y − z)(
(x− z)2(y − z)2)d−2 t
FFT
µ′σ′,ν′ρ′,αβ(Z) , (4.2)
where tFFT can be expanded in general in the form
tFFTµσ,νρ,αβ(Z) = A EFµσ,λǫEFνρ,ληETǫη,αβ
1
(Z2)
1
2
d−2
+B EFµσ,κǫEFνρ,ληETκλ,αβ ZǫZη
(Z2)
1
2
d−1
+ C EFµσ,λǫEFνρ,λη
(ETǫκ,αβZη + ETηκ,αβZǫ) Zκ
(Z2)
1
2
d−1
+D EFµσ,νρ
(ZαZβ
Z2
− 1
d
δαβ
) 1
(Z2)
1
2
d−2
+ E EFµσ,λǫEFνρ,ληZǫZη
(ZαZβ
Z2
− 1
d
δαβ
) 1
(Z2)
1
2
d−1
.
(4.3)
It is also useful to rewrite (4.2) as in (2.22) alternatively as
ΓFFTµσ,νρ,αβ(x, y, z) =
IFνρ,ν′ρ′(y − x)ITαβ,α′β′(z − x)(
(y − x)2)d−2((z − x)2)d t˜
FFT
µσ,ν′ρ′,α′β′(X) , (4.4)
where now, applying (2.23) in this case,
t˜FFTµσ,νρ,αβ(X) =
1
(X2)2
IFνρ,ν′ρ′(X)tFFTµσ,ν′ρ′,αβ(−X)
= A EFµσ,λǫEFνρ,ληETǫη,αβ 1
(X2)
1
2
d
− (2A+B) EFµσ,κǫEFνρ,ληETκλ,αβ XǫXη
(X2)
1
2
d+1
+ C EFµσ,λǫEFνρ,ληETκη,αβ XǫXκ
(X2)
1
2
d+1
− (2A+ C) EFµσ,λǫEFνρ,ληETκǫ,αβ XηXκ
(X2)
1
2
d+1
+D EFµσ,νρ
(XαXβ
X2
− 1
d
δαβ
) 1
(X2)
1
2
d
− (2C + 4D + E) EFµσ,λǫEFνρ,ληXǫXη
(XαXβ
X2
− 1
d
δαβ
) 1
(X2)
1
2
d+1
.
(4.5)
14
Imposing the conservation equation
∂zαΓ
FFT
µσ,νρ,αβ(x, y, z) = 0 ⇒ ∂Xα t˜FFTµσ,νρ,αβ(X) = 0 , (4.6)
and this gives rise to the single condition
K ≡ 2(2C + 4D + E) + (d+ 2)B − (d+ 2)(d− 4)A = 0 . (4.7)
From (4.2) it is easy to determine the singular behaviour as z → y since then
ΓFFTµσ,νρ,αβ(x, y, z) ∼
IFµσ,µ′σ′(x− y)
(x− y)2(d−2) t˜
FFT
µ′σ′,νρ,αβ(y − z) , (4.8)
and similarly as z → x. From (4.5) this is O((z − y)−d), which gives potential logarith-
mic divergences on integration on Rd. To analyse these singularities more closely we use
generalisations of (3.7) for arbitrary d
1
(x2)
1
2
d−ω
∼ 1
2ω
Sdδ
d(x) ,
xµxν
(x2)
1
2
d−ω+1
∼ 1
2ω
1
d
δµνSdδ
d(x) ,
xµxνxσxρ
(x2)
1
2
d−ω+2
∼ 1
2ω
1
d(d+ 2)
(
δµνδσρ + δµσδνρ + δµρδνσ
)
Sdδ
d(x) , Sd =
2π
1
2
d
Γ( 1
2
d)
,
(4.9)
where the singularity is represented by a pole in ω. Applying these results to the detailed
expression (4.5) we may then find
x2ω t˜FFTµσ,νρ,αβ(x) ∼ −
1
2ω
K
d(d+ 2)
EFµσ,λǫEFνρ,ληETǫη,αβ Sdδd(x) , (4.10)
with K as in (4.7). Hence imposing the condition K = 0 is sufficient to ensure that there
are no non integrable singularities for x, y → z in ΓFFTµσ,νρ,αβ(x, y, z) and that for general
d it can be extended to a well defined distribution although there are ambiguities up to
terms proportional δd(x− z) or δd(y − z) as in (2.33).
For non coincident points we may write from (4.1,2)
〈Vµ(x)Vν(y)Tαβ(z)〉 = −Iµµ
′(x− z)Iνν′(y − z)(
(x− z)2(y − z)2)d−1 ∂σ∂ρt
FFT
µ′σ,ν′ρ,αβ(Z) , (4.11)
where
−∂σ∂ρtFFTµσ,νρ,αβ(Z) = I
(
ETµν,αβ + 12d(d− 2)
ZµZν
Z2
(ZαZβ
Z2
− 1
d
δαβ
)) 1
(Z2)
1
2
d−1
+ J
(
ZµETνλ,αβ + ZνETµλ,αβ
) Zλ
(Z2)
1
2
d
− (J − 12 (d− 2)I) δµν
(ZαZβ
Z2
− 1
d
δαβ
) 1
(Z2)
1
2
d−1
,
I = C +D − 12B , J = 14
(
2E + (d− 4)(d− 2)A− (d− 2)(B + 2C + 4D)) .
(4.12)
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Thus it is clear that there are just two linearly independent forms for this conformal
invariant three point function.
When d = 4 the resulting expression given by (4.2,3) is also ill defined as a distribution
on R8 due to the short distance singularity when x, y, z are all coincident becoming non
integrable. This divergence is manifested, for general d, by a pole in ε = 4 − d. For
ΓFFTµσ,νρ,αβ(x, y, z) the pole involves just delta functions without derivatives and the tensorial
structure of the residue has an essentially unique form dictated by symmetry requirements
and assuming that it is traceless on αβ. Hence we may write in general
ΓFFTµσ,νρ,αβ(x, y, z) ∼
R
ε
EFµσ,λǫEFνρ,ληETǫη,αβ Sd2δd(x− z)δd(y − z) . (4.13)
To determine the coefficient R we make use of the formula [31]
1
(x− y)2λ3(y − z)2λ1(z − x)2λ2 ∼
1
d−∑α λα
∏
α
Γ( 12d− λα)
Γ(λα)
πd
Γ( 12d)
δd(x− z)δd(y − z) ,
(4.14)
which exhibits the the singularity at coincident points as a singularity in
∑
α λα. The
poles which are present when λα − 12d = 0, 1, . . . correspond to sub-divergences for these
λα for two points becoming coincident, as expected according to (4.9). As given by (4.2,3)
ΓFFTµσ,νρ,αβ(x, y, z) has no subdivergences for x → y or, subject to (4.7), if x, y → z. To
apply the result (4.14) directly to determine R in (4.13) it is necessary to contract indices
to avoid complicated tensorial expressions. Hence instead of (4.13) it is sufficient to analyse
just
ΓFFTµσ,µρ,σρ(x, y, z) ∼
R
ε
1
8 (d− 1)(d− 2)(d+ 2)Sd2δd(x− z)δd(y − z) . (4.15)
Using (4.2,3) the left hand side of (4.15) may be expressed as a sum of terms of the form
exhibited in (4.14) with
∑
α λα =
3
2d− 2 where in individual terms λα = 12d+ nα for nα
an integer. When nα = 0, 1, . . . for some α the formula (4.14) is singular. In order to
avoid these problems we introduce an additional factor (x− y)2ω3(x− z)2ω2(y − z)2ω1 so
that λα → λα − ωα and the singularities now correspond to poles in ωα. The poles in ω3
cancel when terms corresponding to each coefficient A,B,C,D,E in (4.3) are combined,
so long as the residues given by (4.14) are evaluated at the pole 12d = 2 +
∑
α ωα, since
each term in (4.2,3) has no non integrable singularity for x → y for d ≈ 4. After taking
the limit ω3 → 0 the poles in ω1,2 also cancel if the condition (4.7), which eliminates the
sub-divergences for either x → z or y → z, is applied. Taking the limit ω1,2 → 0 we then
obtain the result
R = − 112 (5B + 2C + 6D) = 16 (I + J) , (4.16)
where E has been eliminated as a consequence of imposing (4.7).
The additional freedom present in this three point function beyond a minimal expres-
sion satisfying the Ward identities is associated with the arbitrariness in (1.3) since this
allows a trivial solution of the Ward identities if the three point function of the form
ΓFFTµσ,νρ,αβ(x, y, z)C = ∂
z
γ∂
z
δΓ
FFC
µσ,νρ,αγδβ(x, y, z) , (4.17)
16
where ΓFFC has the Weyl tensor symmetries with respect to the indices αγδβ exhibited
in (1.4). ΓFFCµσ,νρ,αγδβ(x, y, z) may be found according to the general rules for obtaining
conformal invariant three point functions. In general the resulting expression is less singular
for x ∼ y ∼ z and hence there is no pole for d→ 4, such as in (4.13). A particular solution
may be found by taking
ΓFFCµσ,νρ,αγδβ(x, y, z) =
IFµσ,µ′σ′(x− z)IFνρ,ν′ρ′(y − z)(
(x− z)2(y − z)2)d−2 E
C
µ′σ′ν′ρ′,αγδβ
Q
(Z2)
1
2
d−1
. (4.18)
Here EC represents the projector onto tensors with Weyl symmetry and is defined in detail
in appendix A. The expression for the three point function obtained from (4.17,18) can be
related to the previous forms given by (4.1,2,3) most directly by considering
t˜FFTµσ,νρ,αβ(X)C = ∂γ∂δ
(
IFνρ,ν′ρ′(X) ECµσν′ρ′,αγδβ Q
(X2)
1
2
d−1
)
. (4.19)
Comparing the result of this calculation with (4.5) we may then find the coefficients
A,B,C,D,E in terms of Q, or equivalently
J = −I = d
2(d− 3)
2(d− 1) Q , K = E = 0 , D = −
d2
(d− 1)(d− 2)Q . (4.20)
The result of using (4.17,18) in (4.1) gives an expression for 〈Vµ(x)Vν(y)Tαβ(z)〉 in which
the conditions on the energy momentum tensor in (1.1) are trivially satisfied.
To find a particular form for 〈Vµ(x)Vν(y)Tαβ(z)〉 in which the Ward identities are non
trivial we consider the simple case of taking in (4.3) A = B = C = 0, E = −4D, which
satisfies (4.7). With this choice then using (2.9) we find the relatively simple expression
ΓFFTµσ,νρ,αβ(x, y, z)D = D
IFµσ,νρ(x− y)(
(x− y)2)d−2 (Z
2)
1
2
d
(ZαZβ
Z2
− 1
d
δαβ
)
+ µ−ε
D
2ε
(EFµσ,λ(αEFνρ,λ|β) − 14δαβEFµσ,νρ)Sd2δd(x− z)δd(y − z) ,
(4.21)
where we have subtracted the pole in ε, as calculated in general in (4.13,16), in accordance
with standard dimensional regularisation so as to ensure a well defined distribution for
d ≈ 4 for this conformally covariant three point function. The form of the residue of the
ε pole in (4.21) has been modified by terms of O(ε) from (4.13) in order later to ensure
compatibility with the standard form of Ward identities. As usual the counterterm in
(4.21) contains an arbitrary scale µ. The dependence of the regularised expression on µ
reflects the short distance singularity present for d = 4.
To obtain the Ward identities flowing from the conservation equation for the energy
momentum tensor we may use, for general d,
∂zα
(
(Z2)
1
2
d
(ZαZβ
Z2
− 1
d
δαβ
))
= −Sd d− 1
d2
(
∂βδ
d(z − x) + ∂βδd(z − y)
+ 2d
(
δd(z − x)− δd(z − y))(x− y)β
(x− y)2
)
,
(4.22)
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where the result is unambiguous if the traceless condition is imposed on the distribution
formed from the Z-dependent part of (4.21). If we use (4.22) in conjunction with
∂yρ
IFµσ,νρ(x− y)
(x− y)2(d−2) = 0 , ∂
y
ρ
(x− y)β
(x− y)2 = −
Iβρ(x− y)
(x− y)2 , (4.23)
then we find
∂xσ∂
y
ρ∂
z
αΓ
FFT
µσ,νρ,αβ(x, y, z)D = ∂
x
σ
(
δd(x− z)(δσβΓµν(x− y)− δµβΓσν(x− y))
)
+ x, µ↔ y, ν .
(4.24)
where we take
Γµν(x− y) = DSd d− 1
d
Iµν(x− y)
(x− y)2(d−1) + µ
−ε D
16ε
Sd
2(∂µ∂ν − δµν∂2)δd(x− y) . (4.25)
It should be noted that the ∂δd terms in (4.22) do not contribute to the final result in
(4.24). In order to obtain (4.24), where the r.h.s. is expressed solely in terms of Γµν , it
is crucial that the second term in (4.21) has exactly the tensorial form shown. Since, by
extension of results such as (4.9),
Iµν(x)
x2(d−1)
∼ − 1
12ε
Sd(∂µ∂ν − δµν∂2)δd(x) for ε→ 0 , (4.26)
then it is easy to see that Γµν in (4.25) has the appropriate dimensionally regularised form
for d ≈ 4. The result (4.24) has the correct form expected for the Ward identity, if we take
in (2.30) (Cβλ)µµ′ = −ETβµ,λµ′ ,
∂zα〈Vµ(x)Vν(y)Tαβ(z)〉 = − ∂xσ
(
δd(x− z)(δσβ〈Vµ(x)Vν(y)〉 − δµβ〈Vσ(x)Vν(y)〉)
)
+ x, µ↔ y, ν ,
(4.27)
assuming the two point function 〈Vµ(x)Vν(y)〉 = −Γµν(x− y) (which satisfies the conser-
vation equation ∂xµ〈Vµ(x)Vν(y)〉 = 0). The overall coefficient, defined as in (2.17) and
generalising to the general case as given by (4.12), is then
CV =
1
d
Sd (I + J) . (4.28)
Although the identity (4.27) is satisfied with this construction the regularised expression
(4.21) now has an anomaly in the trace of the energy momentum tensor arising from the
counterterm since the ε pole is cancelled by the operation of taking the trace,
ΓFFTµσ,νρ,αα(x, y, z)D = µ
−ε 1
8D EFµσ,νρSd2δd(x− z)δd(y − z) . (4.29)
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Hence in four dimensions the trace anomaly in the three point function for the energy
momentum tensor and two conserved currents becomes
〈Vµ(x)Vν(y)Tαα(z)〉 = −13π2CV EFµσ,νρ∂xσ∂yρ
(
δ4(x− z)δ4(y − z)) . (4.30)
This result is as expected for the trace anomaly in four dimensions (note that as
Cαα = 0 in this case there is no contribution of the two point function 〈V V 〉 to the
trace identity). If the conserved currents Vµ are coupled to a background gauge potential
Aµ then the expectation value for the energy momentum tensor trace in this background
has contributions proportional to FµνFµν as shown in (1.7). By considering functional
derivatives with respect to Aµ it is easy to see that the trace anomaly is exactly compatible
with (4.30) if κ is given by (2.46).
5 Energy Momentum Tensor Three Point Function
A significant result obtained in [13] is that there are only three linearly independent
conformally covariant forms for the conserved and traceless energy momentum tensor sym-
metric three point function in general dimensions d (although for d = 2 there is only one
while if d = 3 there are two). We here rederive this result more simply by following an
approach in which the Bose symmetry of the three point function is always manifest. It is
convenient to define
〈Tµν(x)Tσρ(y)Tαβ(z)〉 = ΓTTTµν,σρ,αβ(x, y, z) , (5.1)
and then using the results on conformal transformations in section 2, in particular the
existence of the vectors X, Y, Z which are given by (2.7) and its obvious permutations, it
is possible to construct five possible completely symmetric expressions, assuming Tµν is
a traceless tensor field of dimension d, for ΓTTTµν,σρ,αβ(x, y, z) with the required properties
under conformal transformations so that in general we may write an expansion involving
just five coefficients A,B, C,D, E ,
(
(x− y)2(y − z)2(z − x)2) 12d ΓTTTµν,σρ,αβ(x, y, z)
= ETµν,µ′ν′ETσρ,σ′ρ′ETαβ,α′β′
{
A Iν′σ′(x− y)Iρ′α′(y − z)Iβ′µ′(z − x)
+ B Iµ′σ′(x− y)Iν′α′(x− z)Yρ′Zβ′(y − z)2 + cyclic permutations
}
+ C ITµν,σρ(x− y)
(ZαZβ
Z2
− 1
d
δαβ
)
+ cyclic permutations
+D ETµν,µ′ν′ETσρ,σ′ρ′Xµ′Yσ′(x− y)2Iν′ρ′(x− y)
(ZαZβ
Z2
− 1
d
δαβ
)
+ cyclic permutations
+ E
(XµXν
X2
− 1
d
δµν
)(YσYρ
Y 2
− 1
d
δσρ
)(ZαZβ
Z2
− 1
d
δαβ
)
. (5.2)
If all points are collinear the r.h.s. of (5.2) reduces to constant tensors invariant under
O(d−1) preserving the line defined by x, y, z and from the results in [13] it is easy to verify
the completeness of the expansion given by (5.2).
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It remains only to impose the conservation equation
∂xµ〈Tµν(x)Tσρ(y)Tαβ(z)〉 = 0 for non coincident points , (5.3)
which leads to relations between the coefficients A,B, C,D, E . The calculation of the di-
vergence ∂xµΓ
TTT
µν,σρ,αβ(x, y, z), for the general form given in (5.2), may be simplified by
identifying separately all contributions which preserve manifest conformal covariance. To
this end it is important to recognise that the derivative ∂xµ acting on an expression which is
a scalar of scale dimension zero at x gives a vector of scale dimension one under conformal
transformations at x. As an illustration it follows trivially from the definition of Z, and
hence Y , in (2.7)
∂xµYσ = −Iµσ(x− y)
(x− y)2 , ∂
x
µZα =
Iµα(x− z)
(x− z)2 . (5.4)
For application in (5.3) this may be extended, by using also ∂xµY
2 = 2XµY
2, to give as
well
∂xµ
(YσYρ
Y 2
− 1
d
δσρ
)
= −2 (y − z)
2
(x− z)2 E
T
σρ,σ′ρ′Iµσ′(x− y)Yρ′ − 2Xµ
(YσYρ
Y 2
− 1
d
δσρ
)
. (5.5)
Furthermore the divergence of a symmetric traceless tensor of dimension d is a vector.
Thus we may obtain
∂xµ
(
1(
(x− y)2(x− z)2) 12d E
T
µν,µ′ν′Iµ′σ(x− y)Iν′α(x− z)
)
=
d2 − 4
2d
(y − z)2(
(x− y)2(x− z)2) 12d
(Iνα(x− z)
(x− z)2 Yσ −
Iνσ(x− y)
(x− y)2 Zα
)
,
∂xµ
(
1(
(x− y)2) 12d((x− z)2) 12d−1 E
T
µν,µ′ν′Xµ′Iν′σ(x− y)
)
=
d− 2
2d
(y − z)2(
(x− y)2(x− z)2) 12d
(
dXνYσ − Iνσ(x− y)
(x− y)2
)
,
∂xµ
(
1(
(x− y)2(x− z)2) 12d I
T
µν,σρ(x− y)
)
= d
(y − z)2(
(x− y)2) 12d((x− z)2) 12d+1 E
T
σρ,σ′ρ′Iνσ′(x− y)Yρ′ ,
∂xµ
(
1(
(x− y)2(x− z)2) 12d
(XµXν
X2
− 1
d
δµν
))
= 0 .
(5.6)
Using these results, together with relations of the form (2.9), ∂xµΓ
TTT
µν,σρ,αβ(x, y, z) can
also be obtained as a sum of conformally covariant forms. There are then two conditions
necessary to ensure (5.3)
R1 ≡ (d2 − 4)A+ (d+ 2)B − 4d C − 2D = 0 ,
R2 ≡ (d− 2)(d+ 4)B − 2d(d+ 2)C + 8D − 4E = 0 .
(5.7)
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Thus there remain three independent coefficients which may be taken to be A,B, C by
using (5.7) to eliminate D, E .
For comparison with the general form (2.20) we may note that the expression (5.1,2)
can be rewritten identically as
〈Tµν(x)Tσρ(y)Tαβ(z)〉 = I
T
µν,µ′ν′(x− z)ITσρ,σ′ρ′(y − z)(
(x− z)2(y − z)2)d tµ′ν′,σ′ρ′,αβ(Z) , (5.8)
where, from (5.2), we may obtain
tµν,σρ,αβ(Z) = AETµν,ǫηETσρ,ηλETαβ,λǫ 1
(Z2)
1
2
d
+ (B − 2A) ETαβ,ǫηETσρ,ηκETµν,λǫ ZκZλ
(Z2)
1
2
d+1
− B(ETµν,ǫηETσρ,ηκETαβ,λǫ + (µν)↔ (σρ)) ZκZλ
(Z2)
1
2
d+1
+ C
(
ETµν,σρ
(ZαZβ
Z2
− 1
d
δαβ
)
+ ETσρ,αβ
(ZµZν
Z2
− 1
d
δµν
)
+ ETαβ,µν
(ZσZρ
Z2
− 1
d
δσρ
)) 1
(Z2)
1
2
d
+ (D − 4C) ETµν,ǫκETσρ,ǫλ
(ZαZβ
Z2
− 1
d
δαβ
) ZκZλ
(Z2)
1
2
d+1
− (D − 2B)
(
ETσρ,ǫκETαβ,ǫλ
(ZµZν
Z2
− 1
d
δµν
)
+ (µν)↔ (σρ)
)
ZκZλ
(Z2)
1
2
d+1
+ (E + 4C − 2D)
(ZµZν
Z2
− 1
d
δµν
)(ZσZρ
Z2
− 1
d
δσρ
)(ZαZβ
Z2
− 1
d
δαβ
) 1
(Z2)
1
2
d
.
(5.9)
which satisfies the conservation equation, ∂µtµν,σρ,αβ(Z) = 0, subject to (5.7), which
can alternatively be derived directly from (5.8), and also ITµν,µ′ν′(Z)tαβ,µ′ν′,σρ(Z) =
tµν,σρ,αβ(Z), arising from applying the symmetry condition (2.24) to (5.8)*. If we use
(4.9), and its generalisations, to determine the short distance singularity similarly to (4.10)
we find
x2ωtµν,σρ,αβ(x) ∼ 1
2ω
(d+ 4)R1 − 2R2
d(d+ 2)(d+ 4)
ETµν,ǫηETσρ,ηλETαβ,λǫ Sdδd(x) , (5.10)
with R1, R2 given by (5.7). The pole at ω = 0 is therefore absent when the conservation
equations (5.7) are imposed.
* In terms of the treatment in ref.([13]), where the three point function was specified in
terms of coefficients a, b, c or alternatively r, s, t, the relationship is A = 8a = 8t, B = 8(b+2a) =
−4(dr + (d + 4)s), C = 2c = −2(ds+ 4t)
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If we use the expression (5.9) it is straightforward to verify that
∫
dΩxˆ xˆµxˆνtµν,σρ,αβ(xˆ) = − dCT ETσρ,αβ ,∫
dΩxˆ xˆµxˆ[ωtµ|ν],σρ,αβ(xˆ) = − 2CT ETσρ,λ[ωETν]λ,αβ ,
(5.11)
where, employing (5.7),
CT =
Sd
d(d+ 2)
(
1
2
(d+ 2)(d− 1)A−B − 2(d+ 1)C) . (5.12)
The result (5.11) in exact agreement with the form dictated by the conformal identities
(2.29) with CT the coefficient of the energy momentum tensor two point function as shown
in (2.18).
Although the expression given by (5.2), subject to (5.7), is conformally covariant and
satisfies the Ward identities (2.34,35) for general d it has singularities for x, y, z coincident
when d = 4. In terms of dimensional regularisation there are two possible counterterms
which are compatible with Bose symmetry and other identities so that we may take
〈Tµν(x)Tσρ(y)Tαβ(z)〉 = ΓTTTµν,σρ,αβ(x, y, z)
− 8µ
−ε
ε
(
βaD
F
µν,σρ,αβ(x, y, z) + βbD
G
µν,σρ,αβ(x, y, z)
)
,
(5.13)
where DF , DG should be proportional to δd(x − y)δd(x − z) with four derivatives. The
simplest method of defining DF , DG is in terms of functional derivatives of the possible
local counterterms for a curved space background metric which are formed from the metric
gµν ,
DFµν,σρ,αβ(x, y, z) =
δ3
δgµν(x)gσρ(y)gαβ(z)
∫
ddx
√
gF
∣∣∣
flat space
,
DGµν,σρ,αβ(x, y, z) =
δ3
δgµν(x)gσρ(y)gαβ(z)
∫
ddx
√
gG
∣∣∣
flat space
,
(5.14)
with now, for general d, replacing (1.8),
F = CγδχωCγδχω , G = 6R
γδ
[γδR
χω
χω] = R
γδχωRγδχω − 4RγδRγδ +R2 . (5.15)
Using diffeomorphism invariance, since F,G are scalars, it is not difficult to see that the
expressions defined by (5.14) satisfy identities such that (5.13) is compatible with the Ward
identity (2.34) if we now take for the two point function
〈Tσρ(y)Tαβ(z)〉 = CT I
T
σρ,αβ(y − z)
(y − z)2d + 16βa
µ−ε
ε
ECσǫηρ,αγδβ ∂yǫ∂yη∂zγ∂zδδd(y − z) . (5.16)
In principle βa, βb should be determined in terms of A,B, C by requiring the (5.13) gives
a well defined regularised expression for d→ 4 but the appropriate extensions of formulae
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such as (4.14) are too involved to allow for simple analysis. In the next section we obtain
a result for βb by a less direct route and it is clear from (2.37) that requiring (5.16) is the
dimensionally regularised two point function leads to (2.42) again where, from (5.12) with
d = 4, we have CT =
1
12
π2(9A− B − 10C). From its definition in (5.14)
DFµµ,σρ,αβ(x, y, z) = −
(
δd(x− y) + δd(x− z)) δ2
gσρ(y)gαβ(z)
∫
ddx
√
gF
∣∣∣
flat space
+ 1
2
ε
δ2
gσρ(y)gαβ(z)
F (x)
∣∣∣
flat space
(5.17)
and hence, using (A.4),
DFµµ,σρ,αβ(x, y, z) = − 8
(
δd(x− y) + δd(x− z))ECσǫηρ,αγδβ∂ǫ∂η∂γ∂δδd(y − z)
+ ε 4ECσǫηρ,αγδβ ∂ǫ∂ηδd(x− y)∂γ∂δδd(x− z) ,
(5.18)
and a corresponding identity forDG given later, it not difficult to see that the counterterms
in (5.14) generate exactly the finite trace anomalies exhibited in (1.9) with the required
coefficients βa, βb.
The coefficients A,B, C and hence via (5.7) D, E should be calculable in any conformal
field theory. In four dimensions there are three basically trivial theories given by free
scalars, spin 12 fermions and spin 1 vectors for which [13]
A = 1
π6
(
8
27
nS − 16nV
)
,
B = − 1
π6
(
16
27nS + 4nF + 32nV
)
,
C = − 1
π6
(
2
27nS + 2nF + 16nV
)
,
(5.19)
where nS, nF , nV are the number of free scalar, Dirac fermion and vector fields. Substi-
tuting in (5.12) gives the standard results for CT in free field theories. For general d only
free scalars or fermions give conformal theories, the results are given in appendix B.
6 Use of Derivative Forms for the Energy Momentum Tensor
In order to determine explicitly the coefficients of the local singularities in the energy
momentum tensor three point function when x, y, z become coincident, and hence obtain
results for the coefficients in the trace anomaly, it is much simpler if we make use of the
potential freedom expressed in (1.3) to reduce the degree of the singularity by extracting
derivatives. To this end we consider a three point function which is restricted to the form
ΓTTTµν,σρ,αβ(x, y, z)C = ∂
x
κ∂
x
λ∂
y
ǫ∂
y
ηΓ
CCT
µκλν,σǫηρ,αβ(x, y, z) , (6.1)
where ΓCCTµκλν,σǫηρ,αβ has the Weyl tensor symmetries (1.4) with respect to the indices µκλν
and σǫηρ. By virtue of the results in section 2 it is still feasible to express ΓCCTI,J,αβ , where I, J
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are shorthand notation for multi-indices with symmetry (1.4), in the conformal covariant
form
ΓCCTI,J,αβ(x, y, z) =
ICI,I′ (x− z)ICJ,J ′(y − z)(
(x− z)2(y − z)2)d−2 t
CCT
I′,J ′,αβ(Z) . (6.2)
The general expression for tCCT has ten terms
tCCTµκλν,σǫηρ,αβ(Z) = A ECµκλν,α′τχωECσǫηρ,β′τχωETα′β′,αβ
1
(Z2)
1
2
d−2
+B ECµκλν,σǫηρ
(ZαZβ
Z2
− 1
d
δαβ
) 1
(Z2)
1
2
d−2
+ C ECµκλν,α′θχωECσǫηρ,β′φχωETα′β′,αβ ZθZφ
(Z2)
1
2
d−1
+ C′ ECµκλν,α′χωθECσǫηρ,β′χωφETα′β′,αβ ZθZφ
(Z2)
1
2
d−1
+D
(ECµκλν,χαβωECσǫηρ,χθφω + ECµκλν,χθφωECσǫηρ,χαβω) ZθZφ
(Z2)
1
2
d−1
+ E
(ECµκλν,α′τχωECσǫηρ,θτχω
+ ECµκλν,θτχωECσǫηρ,α′τχω
)ETα′β′,αβ ZθZβ′
(Z2)
1
2
d−1
+ F ECµκλν,α′θφωECσǫηρ,β′θ′φ′ωETα′β′,αβ ZθZφZθ
′Zφ′
(Z2)
1
2
d
+G ECµκλν,θτχωECσǫηρ,φτχω
(ZαZβ
Z2
− 1
d
δαβ
) ZθZφ
(Z2)
1
2
d
+H
(ECµκλν,α′τχθ′ECσǫηρ,θτχφ
+ ECµκλν,θτχφECσǫηρ,α′τχθ′
)ETα′β′,αβ ZθZφZθ′Zβ′
(Z2)
1
2
d−1
+ I ECµκλν,θτχφECσǫηρ,θ′τχφ′
(ZαZβ
Z2
− 1
d
δαβ
)ZθZφZθ′Zφ′
(Z2)
1
2
d
.
(6.3)
When d = 4 this set is overcomplete since there are various identities which arise from the
vanishing of tensors antisymmetric on five indices. Thus, if Cµσρν satisfies (1.4),
30Cακ[λθXφCβκ]λφXθ =
(
2CακλθCβκλφ + CαθκλCβφκλ − 2CκαβλCκθφλ
)
XθXφ
− CακλωCβκλωX2 + CαθκωCθκλωXθXβ ,
30Cǫη[κλXαCǫη]κλ = CǫηκλCǫηκλXα − 4CαηκλCβηκλXβ .
(6.4)
Hence for d = 4 it is easy to see that for instance ECµκλν,α′τχωECσǫηρ,β′τχωETα′β′,αβ = 0
and thus tCCT is independent of A. In general it depends only on
4B + 2E +G+D , C +D , C′ + 2D , F , H , I . (6.5)
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The expressions given by (6.1,2,3) can be related to the previous general results for
the energy momentum tensor three point function since expressing (6.1) in the form (5.8)
requires
tµν,σρ,αβ(Z)C = ∂κ∂λ∂ǫ∂ηt
CCT
µκλν,σǫηρ,αβ(Z) . (6.6)
By construction the result given by (6.6) automatically satisfies the conservation equation
∂µtµν,σρ,αβ(Z) = 0 and this in turn can be shown to also imply the necessary symmetry
conditions tµν,σρ,αβ(Z) = ITµν,µ′ν′(Z)tαβ,µ′ν′,σρ(Z), if tµν,σρ,αβ(Z) = tσρ,µν,αβ(Z), which
have already been imposed on the expression exhibited in (5.9). Hence tµν,σρ,αβ(Z)C
gives results for the coefficients A,B, C,D, E satisfying (5.7) so it is sufficient to quote only
A,B, C. The results for general d are lengthy so they are relegated to appendix C but for
d = 4 we have
A = 19
(
6(4B + 2E +G+D) + 8(C +D) + 7(C′ + 2D)− 12F + 15H + 12I
)
,
B = 1
9
(
24(4B + 2E +G+D) + 2(C +D) + 13(C′ + 2D) + 11
2
F + 15H + 51
2
I
)
,
C = 19
(
3(4B + 2E +G+D) + 7(C +D) + 5(C′ + 2D)− F + 12H + 334 I
)
,
(6.7)
which are in accord with the requirement of depending only on the linear combinations
appearing in (6.5). It is important to note that substituting in (5.12), CT = 0, for general
d, so that assuming the form (6.1) gives only two linearly independent solutions for the
conformally covariant energy momentum tensor three point function.
Besides tCCT it is also natural to define
t˜CCTI,J,αβ(X) =
1
(X2)2
ICJ,J ′(X)tCCTI,J ′,αβ(−X) , (6.8)
so that in (6.2) the short distance limit as y → z is given by
ΓCCTI,J,αβ(x, y, z) ∼
ICI,I′(x− z)
(x− z)2(d−2) t˜
CCT
I′,J,αβ(y − z) . (6.9)
If the conservation equation on ΓCCT is imposed then
∂zαΓ
CCT
I,J,αβ(x, y, z) = 0 ⇒ ∂Xα t˜CCTI,J,αβ(X) = 0 , (6.10)
which, after calculating t˜CCT from (6.3), leads to two conditions,
T1 ≡ − (d2 − 16)(4A+ C′) + (d+ 4)
(
4C + 2(d− 2)D + F )
+ 16(4B + 2E +G+D) + 4I + 8H = 0 ,
T2 ≡ − (d2 − 16)A− 12 (d− 4)C′ + (d+ 2)C + 3dD + 16B + 4E + 2G = 0 .
(6.11)
The second condition, T2 = 0, is not necessary if d = 4. We may also calculate the short
distance singularity in ΓCCT (x, y, z) as y → z or x→ z by virtue of (6.9) by considering
x2ω t˜CCTI,J,αβ(x) ∼
1
2ω
U
d(d+ 2)(d+ 4)
ECI,α′τχωECJ,β′τχωETα′β′,αβ Sdδd(x) , (6.12)
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where
U = (d2 − 16)((d− 2)A− C − C′)− 16(d− 2)B − 6dD
− 2(d− 8)(G+ 2E) + 32(d+ 4)F + 6(I + 2H)
= 3
2
T1 − (d+ 4)T2 .
(6.13)
If U = 0 there are no subdivergences in ΓCCT for general d. It should be noted that if
d = 4 this condition is superfluous since the tensorial expression in (6.12), as remarked
earlier, vanishes identically.
The reason for here writing the three point function in the form (6.1) is that the
singular behaviour as d → 4 may be quite straightforwardly determined since it involves
δ-functions without derivatives. Imposing the condition that the residue of the pole in ε
should be traceless in αβ we are led to unique form
ΓCCTI,J,αβ(x, y, z) ∼
R
ε
ECI,ατχωECJ,β′τχωETα′β′,αβ Sd2δd(x− z)δd(y − z) . (6.14)
The tensorial expression in (6.14) vanishes if ε = 0 but this depends on the vanishing
of tensors antisymmetric in five indices so (6.14) nevertheless represents the singular be-
haviour of ΓCCT as a function of d as a continuous variable. In order to obtain a well
defined distribution as d → 4 the pole must be subtracted according to the standard lore
of dimensional regularisation. To calculate R we follow a similar approach to that followed
in section 4 and introduce a factor (x− y)2ω3(x − z)2ω2(y − z)2ω1 on the l.h.s. of (6.14).
On the r.h.s. the pole is displaced to ε + 2
∑
α ωα and R is modified to R(ω) although
the structure of the residue is unchanged. If we contract indices then the form of the
singularity reduces to
(x− y)2ω3(x− z)2ω2(y − z)2ω1ΓCCT (x, y, z)µǫηρ,νǫηρ,µν
∼ R(ω)
ε+ 2
∑
α ωα
Sd
2δd(x− z)δd(y − z) ,
(6.15)
where, inserting (6.2,3), this can now be represented as a sum of terms to which (4.14) can
be applied to determine R(ω). It is then clear that
R(ω) =
R(ω)
f(2
∑
α ωα)
, (6.16)
where f(d−4) denotes the result of contraction of the tensor in (6.14) and is given explicitly
by (A.2), for x → 0 f(x) ∼ 154 x. Subject to using the condition U = 0 from (6.13) to
eliminate one coefficient, so that for example I = 43 (4B − 2E −G) + 4D − 2F − 2H, it is
straightforward to take the limit ω → 0 and obtain for the residue in (6.14)
R = − 132×9
(
2(4B + 2E +G+D) + 4(C +D) + 3(C′ + 2D)− 12F + 7H + 5I
)
= 116×90 (13A− 2B − 40C) ,
(6.17)
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where the second line follows from (6.7) although, since 9A − B − 10C = 0 as a result of
CT = 0, the final expression is not unique.
Although subtracting the pole in ε given by (6.14,17) is sufficient to ensure a regu-
larised expression for ΓCCT it is not appropriate when applied to (6.1) since the symmetry
requirements on ΓTTT will not be satisfied. In order to verify that it is sufficient to use the
explicitly symmetric counterterms subtracted in (5.13) we use the result, with G defined
in (5.15),
δ
δgαβ(z)
∫
ddx
√
gG = −15Rγδ [γδ(z)Rχωχω(z)gα]β(z) = Hαβ(z) + εXαβ(z) ,
Hαβ = − 15Cγδ [γδCχωχωgα]β = 2
(
CγδχαCγδχβ − 14gαβ CγδχωCγδχω
)
,
Xαβ =
4
d− 2 R
γδCγαδβ + 2
d− 3
(d− 2)2
(
2RγαRγβ − gαβRγδRγδ
)
− 1
2
d− 3
(d− 2)2(d− 1)
(
4dRRαβ − (d+ 2)gαβR2
)
,
(6.18)
where the Weyl tensor Cµσρν is defined in (A.3) and the explicit form for Xαβ is unimpor-
tant here save for the overall factor of ε. The variation of the integral must vanish when
d = 4 since it is then a topological invariant, Hαβ is zero if d = 4 due to the vanishing
of antisymmetric five index tensors. Using (A.4) for the form of the Weyl tensor in an
expansion to first order about flat space
δ
δgµν(x)
δ
δgσρ(y)
Hαβ(z)
∣∣∣
flat space
= 16 ∂xκ∂
x
λ∂
y
ǫ∂
y
ηδ
d(x− z)δd(y − z)
× (ECµκλν,(α|τχωECσǫηρ,|β)τχω − 14δαβ ECµκλν,σǫηρ) .
(6.19)
To O(ε) the tensor appearing in (6.19) is identical with ECµκλν,α′τχωECσǫηρ,β′τχωETα′β′,αβ
which appears in (6.14) (the difference arises from the 1/d term in ET ) so that from (6.1,14)
we may now define a symmetric regularised expression for d ≈ 4 by
ΓTTTµν,σρ,αβ(x, y, z)C = ∂
x
κ∂
x
λ∂
y
ǫ∂
y
ηΓ
CCT
µκλν,σǫηρ,αβ(x, y, z)− µ−ε
R
ε
Sd
2
16
DGµν,σρ,αβ(x, y, z) ,
(6.20)
where DG is defined in (5.14) and is given explicitly by
DGµν,σρ,αβ(x, y, z)
= −30{E (5)µσακǫ,νρβλη∂xκ∂xλ∂yǫ∂yηδd(x− z)δd(y − z) + µ↔ ν, σ ↔ ρ} , (6.21)
with E (5)µσακǫ,νρβλη denoting the projector onto totally antisymmetric five index tensors.
From its definition DGµν,σρ,αβ(x, y, z) is manifestly symmetric and the results (6.19) show
that subtraction of the counterterm in (6.21) is equivalent to subtracting the ε pole in
(6.14). It is also easy to see that ∂xµD
G
µν,σρ,αβ(x, y, z) = 0 so that the counterterm in
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(6.21) preserves the Ward identity ∂xµΓ
TTT
µν,σρ,αβ(x, y, z)C = 0. However the counterterm
generates an anomaly in the trace since
DGµν,σρ,αα(x, y, z) =
1
2
εAGµν,σρ(x− z, y − z) , (6.22)
where
AGµν,σρ(x− z,y − z) =
δ2
gµν(x)gσρ(y)
G(z)
∣∣∣
flat space
= − 24{E (4)µσκǫ,νρλη∂xκ∂xλ∂yǫ∂yηδd(x− z)δd(y − z) + σ ↔ ρ} .
(6.23)
Hence for d = 4 we have the anomaly
ΓTTTµν,σρ,αα(x, y, z)C = −18π4RAGµν,σρ(x− z, y − z) , (6.24)
where in AG we can take 24E (4)µσκǫ,νρλη → ǫµσκǫǫνρλη. Comparing the result with (1.9),
since in this special case CT and hence βa are zero, it is easy to see that we must have
βb =
1
32π
4R = 1512×90π
4(13A− 2B − 40C) . (6.25)
The above analysis based on the expression (6.1) allows the topological anomaly term
to be derived in four dimensions. It is clearly possible to assume more symmetrically
ΓTTTµν,σρ,αβ(x, y, z)C = ∂
x
κ∂
x
λ∂
y
ǫ∂
y
η∂
z
γ∂
z
δΓ
CCC
µκλν,σǫηρ,αγδβ(x, y, z) , (6.26)
with ΓCCCI,J,K(x, y, z), where I, J,K each denote sets of indices with the symmetry (1.4), an
integrable function even in four dimensions. Assuming manifest conformal invariance we
can write
ΓCCCI,J,K(x, y, z) =
ICI,I′ (x− z)ICJ,J ′(y − z)(
(x− z)2(y − z)2)d−2 t
CCC
I′,J ′,K(Z) . (6.27)
In this case we follow the treatment in section 2 to obtain a particular totally symmetric
form for ΓCCCI,J,K(x, y, z) by writing, as in (2.25),
tCCCI,J,K(Z) = ICK,K′(Z)
(X1 d1IJK′ + X2 d2IJK′) 1
(Z2)
1
2
(d−2)
, (6.28)
where diIJK are the two possible symmetric invariant tensors which may be given by
d1IJK = ECI,ǫηκλ ECJ,κλχω ECK,χωǫη ,
d2IJK = ECI,ǫηκλ ECJ,λχηω ECK,ωκχǫ .
(6.29)
These results then show that, for arbitrary d, that there are two linearly independent sym-
metric forms for the conformally covariant energy momentum tensor three point function
in which Ward identities and the traceless conditions for the energy momentum tensor are
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trivially satisfied. This is in accord with the result, as in section 5, that there are three in
general but that there are the non trivial Ward identities (2.34,35). However when d = 4
the two expressions given by (6.27,28,29) are no longer independent since
d1IJK = 4d
2
IJK , (6.30)
which can be shown using the vanishing of antisymmetric five index tensors. Such a relation
must hold otherwise the possibility of a second anomalous term in the four dimensional
trace identity (1.9) would be ruled out. These formulae can be related to previous results
since from (6.26,27) we may evaluate the z derivatives to give ΓCCT as defined by (6.1,2)
together with (6.8),
t˜CCCI,J,K(X) = ICJ,J ′(X)tCCTI,J ′,K(−X) , t˜CCTI,J,αβ(X) = ∂Xγ ∂Xδ t˜CCCI,J,αγδβ(X) . (6.31)
Hence we may determine in terms of X1,X2 the coefficients A,B,C, C′, D, E,G, F,H, I in
(6.3). For general d the results are again not very succinct so they are given in appendix
C. If d = 4 the linear combinations in (6.5) depend only on 4X1 + X2, as a consequence
of the relation (6.30), and we may then obtain by using (6.7) a unique result for the three
point function which is expressible in the form (6.26)
A = 89 (4X1 + X2) , B = 929 (4X1 + X2) , C = −29(4X1 + X2) . (6.32)
A consistency check is that CT , as given by (5.12) for d = 4, and βb in (6.25) are both
zero as required since, as mentioned earlier, the Ward identities are trivial when the three
point function is represented as in (6.26).
7 Effective Actions
In discussing the energy momentum tensor it is natural to introduce an effective action
W (g) whose variational derivatives with respect to a metric gµν may be taken as defining
correlation functions of Tµν on a general curved background. Assuming diffeomorphism
invariance is preserved, so that W (g) is a scalar, then Ward identities may be summarised
just by the covariant equation (1.6). If the underlying quantum field theory is conformally
invariant on flat space then W (g) is also invariant under local Weyl transformations of the
metric, δσg
µν = 2σgµν , apart from the anomalies arising from gµν〈Tµν〉g in two and four
dimensions.
As is well known in two dimensions the trace anomaly may be integrated uniquely to
give [32]
W (g) = − c
96π
∫ ∫
d2xd2x′
√
g(x)R(x)G∆(x, x
′)
√
g(x′)R(x′) ,
∆xG∆(x, x
′) = δ2(x− x′) , ∆ = −√g∇2 ,
(7.1)
since under a conformal variation δσ∆ = 0 and δσ(
√
gR) = −2∆σ. Although W (g) clearly
vanishes on flat space it gives a non zero result for two or more functional derivatives before
taking gµν = δµν . To calculate the two point function on flat space arising from W (g)
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we may use δg(
√
gR) = −√g(∇µ∇ν − gµν∇2)δgµν and then since G∆(x, x′)|flat space =
− lnµ2(x− x′)2/4π it is easy to see that
〈Tµν(x)Tσρ(y)〉 = − c
48π2
SxµνS
y
σρ ln(x− y)2 , Sµν = ∂µ∂ν − δµν∂2 , (7.2)
and hence with complex coordinates z = x1 + ix2 and T (z) = −2πTzz(x) we recover the
standard two dimensional conformal field theory result
〈T (z1)T (z2)〉 = c
2
1
(z1 − z2)4 . (7.3)
The corresponding three point function on flat space, for non-coincident points, is also eas-
ily obtained, using as well δg(
√
g∇2) = ∂µ√g(δgµν − 12gµνgσρδgσρ)∂ν in order to calculate
the variation of G∆,
〈T (z1)T (z2)T(z3)〉
= − c
3
{ 1
(z1 − z3)3(z2 − z3)3 +
1
(z2 − z1)3(z3 − z1)3 +
1
(z1 − z2)3(z3 − z2)3
}
=
c
(z1 − z3)2(z2 − z3)2(z1 − z2)2 ,
(7.4)
which is again in accord with expectation.
In four dimensions there is no possibility of finding any analogous general result al-
though Barvinsky et al [33] have explored in detail approximations based on an expansion
in the curvature. Here we examine a proposal for part of the effective action due to Riegert
[24]* which exactly reproduces the Euler density term G in the curved space trace anomaly
(1.7). This result is similar in form to the two dimensional expression (7.1)
W (g)Riegert = −βb
8
∫ ∫
d4xd4x′ G(x)GR(x, x′)G(x′) + βb
18
∫
d4x
√
gR2 ,
G = √g(G− 23∇2R) , ∆RGR(x, x′) = δ4(x− x′) ,
∆R =
√
g∇2∇2 + ∂µHµν∂ν , Hµν = 2√g(Rµν − 13gµνR) .
(7.5)
Under a conformal variation δσg
µν = 2σgµν then δσG = −4∆Rσ, δσ∆R = 0† and also
δσ(
√
gR2) = 12
√
gR∇2σ which is sufficient to show that δσW (g)Riegert = βb
∫
d4x
√
gσG.
Just as in two dimensions we may obtain correlation functions involving the energy
momentum tensor by functional differentiation and then restricting to flat space. It is
straightforward to see that the second derivative of (7.5) restricted to flat space gives zero.
The essential result which is used to calculate the variation of the metric is
δg
(∫ ∫
d4xd4y
√
g(x)
√
g(y)∇2X(x)GR(x, y)∇2X(y)−
∫
d4x
√
gX2
)∣∣∣∣
flat space
=
∫ ∫ ∫
d4xd4yd4z δgσρ(z)Dzσρ,ǫη∂ǫG0(z − x)X(x) ∂ηG0(z − y)X(y) ,
(7.6)
* For further discussions and also subsequent references see [34].
† The fourth order operator ∆R which is invariant under local rescalings of the metric was
also found independently by Paneitz and Eastwood and Singer [35].
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where G0 is the flat space restriction of −∇2GR,
G0(x) =
1
4π2x2
, (7.7)
and Dσρ,ǫη is a differential operator defined by
∫
d4xXǫηδgH
ǫη
∣∣∣
flat space
= −
∫
d4x δgσρDσρ,ǫηXǫη ,
Dσρ,ǫηXǫη = −∂2Xσρ − δσρ∂ǫ∂ηXǫη + ∂σ∂ǫXǫρ + ∂ρ∂ηXση + 23 (δσρ∂2 − ∂σ∂ρ)Xǫǫ .
(7.8)
Using these results we obtain an expression for the energy momentum tensor three point
function, at non coincident points, on flat space corresponding to the effective action (7.5)
ΓTTTµν,σρ,αβ(x, y, z)Riegert = −89βb
{
Dzαβ,γδ
(
SxµνG0(x− z)←−∂ z(γ∂zδ)G0(z − y)←−Syσρ
)
+ cyclic permutations
}
.
(7.9)
The general result is not very transparent but it is not difficult to find for s = x− y → 0
ΓTTTµν,σρ,αβ(x, y, z)Riegert ∼ 827βb Iµνσργδ(s) ∂γ∂δG0(y − z)
←−
Szαβ ,
Iµνσργδ(s) =
(
4ETσρ,λ(γ∂δ)∂λSµν + 4ETµν,λ(γ∂δ)∂λSσρ − s(γ∂δ)SµνSσρ
)
G0(s) .
(7.10)
Since Iµνσργδ(s) = O(s
−6) this result is incompatible with what would be expected from
a conformally covariant three point function, where according to the expressions obtained
earlier the leading singularity should be O(s−4), reflecting the contribution of the energy
momentum tensor itself in the operator product expansion of two energy momentum ten-
sors. In consequence the Riegert effective action, given by (7.5), is also in disagreement
with the short distance behaviour expected for free fields.
The failure of the Riegert action to lead to results on flat space in agreement with
conformal invariance is a consequence its large distance behaviour. From diffeomorphism
invariance and also invariance under local rescalings of the metric, up to the standard
anomalies, the gravitational effective action is constrained by
∫
d4x
(Lvgµν + 2σgµν) δ
δgµν
W (g) =
∫
d4x
√
g σ
(
βaF + βbG
)
,
Lvgµν = vλ∂λgµν − ∂λvµgλν − ∂λvνgµλ = −∇µvν −∇νvµ .
(7.11)
By considering functional derivatives and then restricting to flat space, and assuming
(Lvgµν + 2σgµν)|flat space = 0 which is identical with the conformal Killing equation in
(2.2), it is possible to derive the conformal invariance identities such as (2.36) for the two
point function. However from the Riegert action (7.5), for asymptotically flat spaces, it
is not difficult to see that in general 〈Tµν(x)〉g,Riegert = O(|x|−5) for |x| → ∞ since the
leading term involves Sµν∂
2GR(x, x′)
←−
∂ ′α. With this asymptotic behaviour it is necessary
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to restrict vλ(x) to be O(|x|) for large |x| in order to avoid surface terms in deducing
(7.11) from ∇µ〈Tµν〉g = 0. Hence there is no longer any identity corresponding to special
conformal transformations, involving bµ in (2.3), which play the essential role in restricting
the form of two and three point functions on flat space. In two dimensions the effective
action in (7.1) gives 〈Tµν(x)〉g = O(|x|−4) which allows conformal invariance identities to
be derived for δz = O(z2). This is sufficient for invariance under the conformal group
O(3, 1) which is in accord with the results (7.3) and (7.4). The action in (7.5) may also be
extended to generate the other terms in the general curved space trace anomaly in (1.7)
but similar difficulties arise in these cases as well and the effective action is also invariant
under constant scale transformations of the metric contrary to the required behaviour
under the renormalisation group. In consequence the Riegert form for the effective action
is not compatible with the form expected from conventional quantum field theories.
In general the form of the effective action compatible with the trace anomaly (1.7)
can be written to quadratic order in the curvatures as
W (g, A)(2) = 1
2
βa
∫
d4x
√
g Cµσρν
(
ln
(−∇2/µˆ2)− 1)Cµσρν
− 12κ
∫
d4x
√
g Fµν
(
ln
(−∇2/µˆ2)− 1)Fµν ,
(7.12)
where µˆ = 2e−γµ. For constant rescalings of the metric this generates exactly the result
expected from (1.7) for
∫
d4x
√
g gµν〈Tµν〉g,A. The expression (7.12) may also be seen to
exactly generate the flat space results for the energy momentum tensor and vector current
two point functions given by (2.38), with CT given by (2.42), and (2.17), with CV given
by (2.46). In general the ln(−∇2) dependence in (7.12) ensures that 〈Tµν〉 and 〈V µ〉 have
suitable behaviour at large distances, contrary to what was found in the Riegert case above.
Beyond leading order very lengthy expressions for the contributions to W (g, A) cubic in
the curvature have been given but it is not clear at present what minimal form to take
for these so as to generate just the conformally covariant energy momentum tensor three
point functions on flat space which have been discussed earlier.
As a simple illustration of an effective action which generates a trace anomaly on
curved space and is compatible with conformal invariance when reduced to flat space we
considerW (g, J), where J(x) is a source coupled to a dimension two operator O. The local
trace anomaly is then gµν〈Tµν〉g,J = p 12J2. To obtain W we define the four dimensional
conformal operator ∆ and its Green function by
∆ =
√
g
(−∇2 + 1
6
R
)
, ∆xG∆(x, x
′) = δ4(x− x′) . (7.13)
Clearly G∆(x, x
′)|flat space = G0(x−x′) as in (7.7). The contribution to the effective action
involving J may now be taken as
W (g, J) = 4π2p
∫ ∫
d4xd4x′
√
g(x)J(x)R(G∆(x, x′)2)√g(x′)J(x′) , (7.14)
with the regularised product,
R(G∆(x, x′)2) =
(
µ2ωG∆(x, x
′)2−ω − 1
16π2ω
δ4(x, x′)
)∣∣∣
ω→0
, (7.15)
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defined similarly to (2.39), with δ4(x, x′) = δ4(x − x′)/
√
g(x). Using for the variation
under rescaling of the metric δσG∆(x, x
′) =
(
σ(x) + σ(x′)
)
G∆(x, x
′), which follows from
δσ∆ = −σ∆−∆σ, it is easy to see that
δσR
(
G∆(x, x
′)2
)− 2(σ(x) + σ(x′))R(G∆(x, x′)2) = − 1
8π2
σ(x)δ4(x, x′) , (7.16)
and hence (7.14) generates the expected form for δσW (g, J), taking δσJ = 2σJ . From
(7.14) it is trivial to derive the form of the two point function on flat space giving
〈O(x)O(y)〉 = CO
(x− y)4 , CO =
p
2π2
. (7.17)
More significant is the calculation of the three point function involving the energy momen-
tum tensor in which it is necessary to vary the metric. Using
δgG∆(x, y) = −
∫
d4z G∆(x, z)δg∆zG∆(z, y) , (7.18)
we may obtain from the definition of ∆ in (7.13)
δ
δgαβ(z)
G∆(x, y)
∣∣∣
flat space
=
1
12π4
(x− y)2
(x− z)4(y − z)4
(ZαZβ
Z2
− 1
4
δαβ
)
+
1
32π2
1
(x− y)2 δαβ
(
δ4(x− z) + δ4(y − z)) ,
(7.19)
and hence, at non coincident points,
〈O(x)O(y)Tαβ(z)〉 = − 2 δ
3
δJ(x)δJ(y)δgαβ(z)
W (g, J)
∣∣∣
flat space
= − 4
3π2
CO
(x− z)4(y − z)4
(ZαZβ
Z2
− 14δαβ
)
.
(7.20)
This expression is clearly compatible with conformal invariance, unlike the results obtained
from the Riegert action earlier.
In order to construct a wider class of effective actions we consider now a second order
differential operator ∆F acting on antisymmetric tensor fields, or 2-forms, Fµν which has
simple transformation properties under local rescalings of the metric analogous to the
operator ∆ acting on scalar fields and defined in (7.13)*. ∆F is defined by
∆FFµν =
√
g
(
[(δd− dδ)F ]µν +RµλFλν +RνλFµλ − 12RFµν + t CµνσρFσρ
)
,
(dδF )µν = − 2∂[µ
( 1√
g
gν]ω∂λ
(√
ggλσgωρFσρ
))
= −2∇[µ∇λFλ|ν] ,
(δdF )µν = − 1√
g
gµγgνδ∂λ
(√
ggλτgγσgδρ3∂[τFσρ]
)
= −3∇λ∇[λFµν] ,
(7.21)
* This operator is a special case of a wider class of conformally covariant differential oper-
ators [36].
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where t is an arbitrary parameter and we have used d to denote the exterior derivative
and δ its adjoint. It is not difficult to see that
δσ∆
F = −3σ∆F +∆Fσ , (7.22)
which is the essential property for our purposes. From (7.21) ∆F may be expressed alter-
natively by
∆FFµν =
√
g
(−∇2Fµν + 2∇µ∇λFλν − 2∇ν∇λFλµ
+Rµ
λFλν −RνλFλµ − 16RFµν + (t− 1)CµνσρFσρ
)
,
(7.23)
and the basic Green function is defined by
(
∆FxG
F
)
σρ
µν (x, y) = δ
[σ
µ δ
ρ]
ν δ
4(x− y) . (7.24)
Using (7.22) we may see that
δσG
F
µνσρ(x, y) = −
(
σ(x) + σ(y)
)
GFµνσρ(x, y) . (7.25)
Reducing to flat space, by using Fourier transforms, the Green function is explicitly given
by
GFµνσρ(x, y)
∣∣
flat space
= − 1
4π2s2
IFµν,σρ(s) , s = x− y . (7.26)
Using the analogous result to (7.18) we may also find, for non coincident points,
δ
δgαβ(z)
GFµνσρ(x, y)
∣∣∣
flat space
=
IFµν,µ′ν′(x− z)IFσ′ρ′,σρ(z − y)
(4π2)2(x− z)2(z − y)2 hµ′ν′,σ′ρ′,αβ(Z)
− 2t ECαγδβ,κλǫη∂zγ∂zδ
(IFµν,κλ(x− z)IFǫη,σρ(z − y)
(4π2)2(x− z)2(z − y)2
)
,
(7.27)
where
hµν,σρ,αβ(Z) = 16 EFµν,λǫEFσρ,ληETǫη,αβZ2
− 8 EFµν,λǫEFσρ,λη
(ETǫκ,αβZη + ETηκ,αβZǫ)Zκ
+ 4 EFµν,σρ
(
ZαZβ − 14δαβZ2
)
.
(7.28)
As an application of these results we consider a contribution to the effective action
involving the gauge field A which is of the form
W (g, A)F = − 116U
∫ ∫
d4xd4x′
√
g(x)Fµν(x)GFµνσρ(x, x
′)G∆(x, x
′)
√
g(x′)F σρ(x′) . (7.29)
It is not difficult to see that no regularisation is necessary in this case and furthermore, as
a consequence of (3.6), there is no contribution to the two point function of the conserved
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vector current Vµ coupled to A on flat space. However (7.29) does imply an expression for
the three point function involving the energy momentum tensor which is given by
〈Vµ(x)Vσ(y)Tαβ(z)〉F = − 2 δ
3
δAµ(x)δAσ(y)δgαβ(z)
W (g, A)F
∣∣∣
flat space
= ∂xν∂
y
ρΓµν,σρ,αβ(x, y, z)
F ,
(7.30)
where, using the relation
IFµν,σρ(x−y) = IFµν,ǫη(x− z)IFǫη,σρ(z−y)−4IFµν,λǫ(x− z)IFλη,σρ(z−y)ZǫZη
Z2
, (7.31)
which follows from (2.9), Γµν,σρ,αβ(x, y, z)
F is expressible exactly in the form (4.2,3), for
d = 4, with
A = Uˆ
(
16 + 83 t
)
, B = −Uˆ 163 t , C = −Uˆ
(
8 + 83 t
)
, D = Uˆ
(
8
3 +
16
3 t
)
, E = Uˆ 163 , (7.32)
for Uˆ = U/(4π2)3. Note that these results satisfy K = 0, as given in (4.7), and from (4.12)
I + J = −B −D + 1
2
E = 0 in accord with the Ward identities.
For the purely gravitational effective action we may also consider an analogous con-
tribution to (7.29),
W (g)F = 164V
∫ ∫
d4xd4x′
√
g(x)Cµκλν(x)GFµκσǫ(x, x
′)GFλνηρ(x, x
′)
√
g(x′)Cσǫηρ(x′) .
(7.33)
the singularity as x → x′ again does not require regularisation and, as for (7.29), W (g)F
does not contribute to the energy momentum tensor two point function on flat space but
there is a corresponding expression for the three point function given by
〈Tµν(x)Tσρ(y)Tαβ(z)〉F = − 8 δ
3
δgµν(x)δgσρ(y)δgαβ(z)
W (g)F
∣∣∣
flat space
= ∂xκ∂
x
λ∂
y
ǫ∂
y
ηΓµκλν,σǫηρ,αβ(x, y, z)
F+ cyclic permutations .
(7.34)
Γµκλν,σǫηρ,αβ(x, y, z)
F may be represented just as in (6.2,3) for d = 4 where, by applying
(7.27) and (7.31) again, the coefficients are
A = − 1
4
C′ = Vˆ
(
32 + 16
3
t
)
, B = −1
4
G = Vˆ
(
8 + 32
3
t
)
,
E = − 14H = Vˆ
(
16 + 163 t
)
, C = −14F = −Vˆ 323 t ,
(7.35)
for Vˆ = V/(4π2)3. These results satisfy T1 = T2 = 0 from (6.11) and (6.7) now gives
A = −4× 323 Vˆ , B = −46× 323 Vˆ , C = 323 Vˆ . (7.36)
The ratios are just as in (6.32) as expected since both trace anomalies are absent for this
gravitational effective action.
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8 Conclusion
In more than two dimensions correlation functions involving the energy momentum
tensor or conserved currents in conformal field theories are not unique. The results of this
paper show that this may be regarded as a reflection of the freedom in (1.3) or (1.2). When
there is no non trivial Ward identity the expressions can be written so that effectively the
energy momentum tensor or conserved current is exactly given by the trivial form so that
the conservation and vanishing of the energy momentum tensor trace are automatic. As
an illustration we may consider the three point function for a conserved vector current and
two operators O1,O2 of differing dimensions η1, η2. The general formula (2.20) gives
〈Vµ(x)Oi1(y)Oj2(z)〉
=
1
(x− z)2(d−1) (y − z)2η1 Iµµ′(x− z)D
i
1 i′(I(y − z)) tµ′ i
′j(Z) ,
(8.1)
where tµ
ij(Z) = O(Z−(d−1+η1−η2)) and from the conservation equation ∂µtµ
ij(Z) = 0. It
is easy to see that
(η1 − η2)tµij(Z) = ∂ν
(
Zµtν
ij(Z)− Zνtµij(Z)
)
, (8.2)
and hence, for η1 6= η2, we can always write tµij(Z) = ∂νFµνij(Z), Fµνij(Z) = −Fνµij(Z),
so that (8.1) can be written as
〈Vµ(x)Oi1(y)Oj2(z)〉
= ∂xν
(
1
(x− z)2(d−2) (y − z)2η1 I
F
µν,µ′ν′(x− z)D i1 i′(I(y − z))Fµ′ν′i
′j(Z)
)
.
(8.3)
A similar discussion applies in the case of the energy momentum tensor where the corre-
sponding expression for the three point function has the form
〈Tµν(x)Oi1(y)Oj2(z)〉
=
1
(x− z)2d (y − z)2η1 I
T
µν,µ′ν′(x− z)D i1 i′(I(y − z)) tµ′ν′ i
′j(Z) ,
(8.4)
for tµν
ij(Z) = O(Z−(d+η1−η2)). In this case, for η1 6= η2, it is possible to write tµνij(Z) =
∂σ∂ρCµσρν
ij(Z) with Cµσρν
ij(Z) satisfying (1.4) and hence, analogous to (8.3), we may
pull out two derivatives so there are no non trivial Ward identities, reflecting that the two
point function 〈Oj1(y)Ok2(z)〉 = 0. To demonstrate the existence of Cµσρνij(Z) we consider
the Fourier transform t˜µν
ij(k) = O(k(η1−η2)). When η1 6= η2 the Fourier transform is
unambiguous and satisfies kµt˜µν
ij(k) = 0, t˜µµ
ij(k) = 0 (for η1 = η2 t˜µν(k) is ambiguous
up to a constant Cµν and the equations become kµt˜µν(k) = kµaµν , t˜µµ(k) = b with aµν , b
constrained by Ward identities as in (2.31)). Subject to these results we may then define
C˜µσρν
ij(k) = − 1
(k2)2
4(d− 2)
d− 3 E
C
µσρν,αγδβkγkδ t˜αβ
ij(k) , (8.5)
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since from (A.5) it is clear that −kσkρC˜µσρν ij(k) = t˜µνij(k). For some cases, such as when
O1,O2 are scalar fields, there is no solution for tµij(Z) or tµνij(Z) satisfying the necessary
conditions so that the three point function must vanish (for O1,O2 scalars this may be
seen from (8.2) since tµ(Z) ∝ Zµ).
In a conformal field theory the coefficients of the trace anomaly depending on the
Riemann curvature for a space background appear to play a significant role whose conse-
quences may not yet be fully understood. As Deser and Schwimmer [23] have made clear
in even dimensions, larger than two, there are two distinct classes of terms which may
contribute to this anomaly. In four dimensions the term proportional to βb has an ap-
parent topological significance and, as shown in section 6, in a dimensional regularisation
context is related to an O(ε/ε) counterterm since it involves tensorial expressions which
vanish identically for d = 4. From this point of view it is directly related to the Virasoro
central charge c in two dimensions. The other terms present in the trace anomaly derive
from counterterms constructed from the Weyl tensor and hence are related to standard
short distance divergences. In four dimensions there is only one anomaly term formed
in this fashion. This has the coefficient βa which then determines the scale of the two
point function for the energy momentum tensor. Both βa and βb are also connected to
the corresponding three point function. It would be interesting to see if there is a way of
projecting out the part proportional to βb which might make feasible an analysis similar
to that of Zamolodchikov [14] in two dimensions. A still unresolved question is whether
there is any requirement for βb to be positive. As a conjecture it may be possible to apply
the various suggested positivity conditions of classical general relativity [37] to three point
functions involving the energy momentum tensor but unfortunately the most naive appli-
cation of such ideas does not lead to any direct condition on βb [22]. As an illustration of
such constraints, for scalar operators O in a field theory on Euclidean space, if nµ is any
unit vector we may impose the reflection positivity condition 〈O(λn)Tnn(0)O(−λn)〉 < 0
where Tnn = nµnνTµν , which is related to the notion of positive energy density. In the
conformal limit this is equivalent to just positivity of the two point function for the scalar
operator O itself but without conformal invariance this is a possible independent condition
on the quantum field theory. A separate consequence of the results obtained here relates
to implications for the gravitational effective action which may describe the back reaction
of the matter fields on a curved space background. It is clear from our discussion of the
Riegert action that additional constraints on the fall off of the energy momentum tensor
expectation value at large distances need to be imposed if the results, when reduced to flat
space, are to correspond to standard field theory results.
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Appendix A
The projector operator EC has the explicit form
ECµσρν,αγδβ = 112
(
δµαδνβδσγδρδ + δµδδσβδραδνγ − µ↔ σ, ν ↔ ρ
)
+ 1
24
(
δµαδνγδρδδσβ − µ↔ σ, ν ↔ ρ, α↔ γ, δ↔ β
)
− 1
d− 2
1
8
(
δµρδαδδσγδνβ + δµρδαδδσβδνγ − µ↔ σ, ν ↔ ρ, α↔ γ, δ↔ β
)
+
1
(d− 2)(d− 1)
1
2
(
δµρδνσ − δµνδσρ
)(
δαδδβγ − δαβδγδ
)
. (A.1)
The manipulation of such tensors is obviously time consuming and throughout we made
extensive use of FORM [38]. The dimension of the space of tensors with the symmetry
properties (1.4) in d dimensions is ECµσρν,µσρν = 112d(d+1)(d+2)(d−3). For use in section
6 we may for instance calculate
ECµǫηρ,ατχωECνǫηρ,βτχωETαβ,µν = (d− 1)(d− 3)(d− 4)(d+ 4)(d+ 2)(d+ 1)
96(d− 2) ≡ f(d− 4) .
(A.2)
The factor d−4 is expected since the tensorial expression vanishes identically when d = 4.
On a curved space background with a metric gµν = δµν + hµν then the Weyl tensor
Cµσρν = Rµσρν − 2
d− 2
(
gµ[ρRν]σ − gσ[ρRν]µ
)
+
2
(d− 1)(d− 2) gµ[ρgν]σR , (A.3)
to first order in h can be written as
Cµσρν = 2 ECµσρν,αγδβ ∂γ∂δhαβ . (A.4)
A consequence of the definition (A.1), which is useful in the text, is to consider
contraction with a vector k,
ECµσρν,αγδβkσkρkγkδ = d− 3
4(d− 2)
(
d− 2
d− 1 kµkνkαkβ −
1
2
k2
(
kµkαδνβ + µ↔ ν, α↔ β
)
+
1
d− 1k
2
(
kµkνδαβ + kαkβδµν
)
+ 1
2
(k2)2
(
δµαδνβ + δµβδνα
)− 1
d− 1(k
2)2δµνδαβ
)
.
(A.5)
Appendix B
For general d the trivial free boson and fermion theories give for the coefficients A,B, C
the results [13]
A = 1
Sd3
d3
(d− 1)3 nS ,
B = − 1
Sd3
((d− 2)d3
(d− 1)3 nS + 2d
2 n˜F
)
,
C = − 1
Sd3
((d− 2)2d2
4(d− 1)3 nS + d
2 n˜F
)
.
(B.1)
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Here n˜F =
1
4 tr (1)nF , where tr is the Dirac trace. From (5.12) we get the standard result
CT =
1
Sd2
( d
d− 1 nS + 2d n˜F
)
. (B.2)
Appendix C
We here give the results for general d for the coefficients determining the energy
momentum tensor three point function obtained in section 6,
A = − d(d− 4)
2
2(d− 2) A+ 2
d(d− 3)
d− 1 B
+
d
(d− 1)2(d− 2)
{
1
2(d
3 − 6d2 + 9d+ 4)C + 12(d3 − 7d2 + 15d− 5)C′
+ (d− 3)(d2 − d+ 2)D
}
+
d
(d− 1)(d− 2)
{
(d2 − 7d+ 14)E − (d− 5)G− 12 (d− 9)H + 2I
}
− d
4(d− 1)2(d− 2)2 (3d
3 − 16d2 + 15d+ 6)F , (C.1a)
B = − d(d− 4)
2(d− 1)
4(d− 2) A+ 2
d2(d− 3)
d− 1 B +
d
2(d− 1)(d− 2)(3d
3 − 18d2 + 27d+ 4)E
+
d
(d− 1)2(d− 2)
{
− 14 (d4 − 7d3 + 11d2 + 11d− 32)C
+ 14 (d
4 − 7d3 + 17d2 − 17d+ 14)C′ + (d− 3)(d3 − 3d2 + 2d+ 2)D
}
− d
2(d− 1)(d− 2)2
{
(d3 − 10d2 + 21d− 4)G
+ 1
2
d(d− 5)(3d− 7)H − (3d2 − 8d+ 1)I
}
+
d
8(d− 1)2(d− 2)2 (d
4 − 7d3 + 11d2 + 27d− 48)F , (C.1b)
C = − d(d− 4)
2(d− 1)
8(d− 2) A+
d(d− 2)(d− 3)
2(d− 1) B +
d
4(d− 1)(d− 2)(d
3 − 10d2 + 33d− 32)E
+
d
4(d− 1)2(d− 2)
{
+ 12 (d
4 − 5d3 − d2 + 37d− 40)C
+ 12(d
4 − 8d3 + 21d2 − 14d− 4)C′ + (d− 3)(d3 − 3d2 + 8d− 8)D
}
− d
4(d− 1)(d− 2)2
{
(d3 − 8d2 + 19d− 16)G
+ 1
2
(d3 − 14d2 + 41d− 36)H − (2d2 − 7d+ 7)I
}
− d
16(d− 1)2(d− 2)2 (3d
4 − 15d3 + d2 + 63d− 60)F . (C.1c)
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For d = 4 these reduce to the results given in (6.8).
The relation of the expression for ΓCCC to the general form for ΓCCT for arbitrary d
is given by the relations
A = − 1
(d− 1)(d− 2)
(
d(d2 − d− 16)X1 − 12 (d3 − 4d2 − 7d− 6)X2
)
,
B =
1
(d− 1)(d− 2)
(
d2X1 + 12 (2d2 − 9d+ 6)X2
)
,
C = − 1
(d− 1)(d− 2)
(
(d4 − 3d3 − 10d2 + 20d+ 56)X1 − (d3 − 11d2 + 18d+ 24)X2
)
,
C′ = − 1
(d− 1)(d− 2)
(
16(d− 5)X1 − 12(d4 − 11d3 + 42d2 − 48d− 48)X2
)
,
D =
1
(d− 1)(d− 2)
(
4(d2 − 3d− 6)X1 + 14(d4 − 9d3 + 20d2 − 12d+ 64)X2
)
,
E =
1
(d− 1)(d− 2)
(
(d3 − d2 − 28d+ 12)X1 − (2d3 − 11d2 + 7d− 6)X2
)
,
F = 0 , G =
6
(d− 2)
(
8X1 + (d2 − 5d+ 2)X2
)
,
I = −2H = 4 d− 4
(d− 2)
(
8X1 + (d2 − 5d+ 2)X2
)
. (C.2)
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